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“Dynamic causal models” (DCMs) are a promising approach in the analysis of functional neuroimaging data due
to their biophysical interpretability and their consolidation of functional-segregative and functional-integrative
propositions. In this theoretical note we are concerned with the DCM framework for electroencephalographically
recorded event-related potentials (ERP-DCM). Intuitively, ERP-DCM combines deterministic dynamical neural
mass models with dipole-based EEG forward models to describe the event-related scalp potential time-series
over the entire electrode space. Since its inception, ERP-DCM has been successfully employed to capture the neu-
ral underpinnings of a wide range of neurocognitive phenomena. However, in spite of its empirical popularity,
the technical literature on ERP-DCM remains somewhat patchy. A number of previous communications have de-
tailed certain aspects of the approach, but no unified and coherent documentation exists. With this technical
note, we aim to close this gap and to increase the technical accessibility of ERP-DCM. Specifically, this note
makes the following novel contributions: firstly, we provide a unified and coherent review of the mathematical
machinery of the latent and forward models constituting ERP-DCM by formulating the approach as a probabilistic
latent delay differential equation model. Secondly, we emphasize the probabilistic nature of the model and its
variational Bayesian inversion scheme by explicitly deriving the variational free energy function in terms of
both the likelihood expectation and variance parameters. Thirdly, we detail and validate the estimation of the
model with a special focus on the explicit form of the variational free energy function and introduce a conven-
tional nonlinear optimization scheme for its maximization. Finally, we identify and discuss a number of compu-
tational issues which may be addressed in the future development of the approach.

© 2016 Elsevier Inc. All rights reserved.

Introduction

“Dynamic causal models” (DCMs) are a promising approach in the
analysis of functional neuroimaging data due to their biophysical inter-
pretability and their consolidation of functional-segregative and
functional-integrative propositions (Friston, 2011; Friston et al., 2003).
Technically, the DCM framework refers to the variational Bayesian inver-
sion of differential equation models describing the temporal evolution of
latent neural states, which are augmented with neuroimaging modality-
specific forward models to probabilistically predict observed M/EEG or
fMRI responses (Daunizeau et al., 2011; Friston and Dolan, 2010; Kiebel
et al., 2008). While the formulation in terms of latent differential
equations, forward models, and inversion by means of variational
Bayes is common to all currently employed DCMs, a number of DCM-
variants for different neuroimaging modalities and based on different
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mathematical frameworks has been proposed over the last decade: for
the analysis of fMRI data there now exist, for example, the original bilin-
ear non-linear system approximation, a nonlinear extension thereof,
two-state models which represent both excitatory and inhibitory neural
populations, and stochastic versions that can be applied to resting-state
fMRI data (Stephan and Roebroeck, 2012). DCMs for the analysis of M/
EEG and invasive electrophysiological data have become similarly di-
verse: there now exist convolution-based neural mass models for time
and frequency domain responses, conductance-based neural mass
models based on mean-field approximations, neural field models de-
scribing spatially extended cortical activity, and canonical microcircuit
models that aim to describe asymmetries in cortical forward and back-
ward message passing (Moran et al., 2013). In this theoretical study we
are concerned with the mathematical details of a very specific DCM
framework for event-related potentials (ERPs) that is based on neural
mass models and was originally proposed by David et al. (2006). For sim-
plicity, we will refer to this framework as ERP-DCM (“event-related po-
tential dynamic causal modeling”) in the following.

Intuitively, ERP-DCM combines deterministic dynamical neural
mass models with dipole-based EEG forward models (Ilmoniemi,
1993) to describe the event-related scalp potential time-series over
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the entire electrode space. Specifically, a linear combination of source-
specific latent neural activity states is used to model one-dimensional
dipole time-courses, which in turn are projected to electrode space
using a standard lead-field approach (Grech et al., 2008; Hallez et al.,
2007). Based on experimentally observed data, free parameters of the
latent neural dynamics as well as the forward model (e.g., neural
between-source connectivity values and dipole moments) are numeri-
cally estimated. In a Bayesian context, this estimation involves the de-
termination of posterior parameter distributions based on suitable
chosen prior distributions, which may also be conceived as regulariza-
tion constraints, and the overall model plausibility or “evidence” for de-
scribing a given data set (Lindley, 1987, 2000).

Since its inception, ERP-DCM has been successfully employed to
capture the neural underpinnings of a wide range of neurocognitive
phenomena. In an initial series of studies, ERP-DCM was used to charac-
terize the functional architecture of fronto-temporal networks giving
rise to auditory mismatch negativity (MMN) responses (Garrido et al.,
2007a, 2007b, 2008, 2009). Key insights in this line of research were
that both forward (bottom-up) and backward (top-down) connectivity
modulations are required for the expression of MMN effects, where the
former primarily modulate early and the latter primarily late ERP com-
ponents. The application of ERP-DCM to MMN effects has recently been
expanded to study the changes in effective connectivity caused by age
(Cooray et al.,, 2014, 2015), disease (Fogelson et al., 2014), and pharma-
cological intervention (Schmidt et al., 2013). Further empirical
applications of the ERP-DCM approach have so far involved visual per-
ception (Brown and Friston, 2012; Sharaev and Mnatsakanian, 2014),
somatosensory awareness (Auksztulewicz and Blankenburg, 2013;
Auksztulewicz et al., 2012) and audio-spatial processing (Dietz et al.,
2014), to name just a few.

Despite the empirical popularity of the approach, the technical liter-
ature on ERP-DCM is somewhat patchy. In the seminal paper (David
et al, 2006) the latent neural state model and its biological motivation
are described in depth. The formulation in David et al. (2006) is based
on two earlier communications, which introduced the initial develop-
ment of the classical Jansen-Rit model (Grimbert and Faugeras, 2006;
Jansen and Rit, 1995) to a neural state model for multiple cortical
sources (David and Friston, 2003; David et al., 2005). In David et al.
(2006), however, the delay differential equation form of the multiple
source model is emphasized rather indirectly by an appendix, that dis-
cusses a (non-standard) approach to the integration of delay differential
systems. Further, in contrast to standard implementations of the ERP-
DCM approach, the EEG forward model is not explicitly parameterized,
and the variational Bayesian inversion is covered only superficially.
Kiebel et al. (2006) complements David et al. (2006) by introducing a
parameterization of the dipole lead-fields, which assumedly forms the
standard implementation of ERP-DCM in most empirical studies, but
again, the variational inversion is largely only referenced and many
implementational details are omitted. The most in-depth treatment of
the variational Bayesian inversion scheme for model estimation in the
ERP-DCM context is probably provided by Friston et al. (2007). In this
communication, the authors introduced a general fixed-form variation-
al Bayesian approach for the inversion of a variety of probabilistic
models in the SPM implementation (Litvak et al., 2011). The approach
rests on the analytical and numerical optimization of a variational free
energy objective function. An explicit form of this function is given;
the derivation of it is, however, absent from the paper. Partial deriva-
tions of this central function for model estimation in ERP-DCM are
found in an unpublished internal report available from the SPM website
(Stephan et al., 2005), which, however, focuses on DCMs for fMRI], and in
the appendices of Penny (2012)) and Cooray et al. (in press). In addition
to introducing the model inversion objective function, Friston et al.
(2007) also introduces a numerical scheme for its optimization. This
scheme is inspired by work on the online inferential processes that
may operate in systems like the brain (Friston et al., 2008a, 2008b,
2010) and is formulated as parameter motion in continuous time. In

comparison to standard Newton-Raphson methods (Nocedal and
Wright, 2006), its analytical properties are thus studied to a lesser
degree.

Based on the empirical success of the ERP-DCM approach on the one
hand, and the patchy state of the technical ERP-DCM literature on the
other hand, we reasoned that a theoretical note covering both model for-
mulation (latent neural state model and forward model) and model esti-
mation (variational Bayes) is warranted. Furthermore, some design
choices of the ERP-DCM framework are best understood from the histor-
ical perspective of the development of the SPM toolbox (Ashburner,
2012), while they do not necessarily appear most coherent from an
outsider's perspective. In our formalization, we thus took the liberty to
modify the ERP-DCM approach in certain regards and hence refer to it
as “probabilistic delay differential equation modeling of event-related
potentials”. We report smaller modifications in the technical sections
below, but here would like to emphasize three principal adaptations.
Firstly, we clarify the probabilistic manner in which parameters of the
neural state model, EEG lead-field model, and observation error variance
are handled in schemes such as “Variational-Laplace” (Friston et al.,
2007) by deriving the variational free energy function in terms of both
the likelihood expectation and variance parameters. Secondly, for the
numerical optimization of the variational free energy function using
Newton's method, we revert to a conventional backtracking step-size se-
lection, rather than the “temporal regularization approach” introduced
in Friston et al. (2007). Both modifications were motivated by the intent
to relate ERP-DCM more directly to the standard literature on Bayesian
estimation and numerical optimization, and thus render it more accessi-
ble for the technically-minded novice. Thirdly, we largely focus on
modeling a single type of event-related potential, i.e. we omit the
expression of stimulus- or condition-specific effects, and only cover
their inclusion in passing. As a consequence of these modifications, the
current theoretical note is presumably best understood as a simplified
technical review, full derivation, and variation of the ERP-DCM approach.
For less technical introductions, we refer the interested reader to
(Daunizeau et al., 2011; Kiebel et al., 2008; Moran et al., 2013; Stephan
et al,, 2010).

In sum, the current technical note makes the following novel con-
tributions: firstly, we provide a unified and detailed review of the
mathematical machinery of the latent and forward models constitut-
ing ERP-DCM. Secondly, we emphasize the probabilistic nature of the
model and its variational Bayesian inversion scheme by explicitly de-
riving the variational free energy function. Thirdly, we introduce a
conventional and theoretically validated nonlinear optimization
approach for its optimization. Finally, we identify a number of com-
putational issues which may be addressed in the future development
of the ERP-DCM framework. In order to achieve these aims, we
dissolved the ERP-DCM implementation from its SPM context and
provide all software underlying the reported simulations as Supple-
mentary Material.

The outline of this technical note is as follows. In Section 2, we intro-
duce the overall model formulation, and then detail the latent neural
dynamics model and the dipole-based forward model in Sections 2.3
and 2.4, respectively. Because the latent neural dynamics model is for-
mulated as a system of delay differential equations, we devote consider-
able attention to its temporal integration in Section 2.3. We conclude
model formulation by embedding the forward model-augmented latent
neural dynamics model in a joint distribution over data and parameters,
i.e. a probabilistic model. In Section 3 we then consider the variational
Bayesian estimation of this model. Specifically, we derive the variational
free energy objective function, the optimization of which allows for the
derivation of approximations to the model's parameter posterior distri-
bution and log evidence (Section 3.1), and discuss a standard semi-
analytical nonlinear optimization approach for its maximization
(Section 3.2). In Section 4, we firstly apply the inversion framework in
the context of two toy examples in order to obtain some intuition
about its inner workings and validity (Section 4.1). In Section 4.2 we
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then showcase the estimation of the ERP-DCM model framework of estimation of condition-specific effects, model comparison, and an ex-
Section 2 under different model assumptions. Finally, in Section 4.3 ample application to real ERP data. We close with a discussion of the
we consider aspects of experimental applications, such as the

technical limitations and possible future developments of the current framework.
Model formulation
Notation

We aimed for standard mathematical notation throughout. Our notation of the relevant probability distributions is summarized in Supplementary
Material S1. We use the vec operator to denote the column-wise vectorization of matrices, Il to denote a matrix determinant, tr(-) to denote the trace
of a matrix, diag(-) to denote diagonal matrices, I, to denote the n x n identity matrix, and ® to denote the Kronecker matrix product. For derivatives
of vector functions with respect to time, we use the dot notation, i.e,, x for §x : R—R". For a scalar-valued function fR™ — R, 6 ~ f(6) we denote its
gradient with respect to the input arguments 6 € f evaluated at 6 € R™ by V;f(6) and its m x m Hessian matrix with respect to fevaluated at € R™ by
Hg (6). Finally, for a vector-valued function fR™ — R, 6 — f(6), we use J/(6) to denote its n x m Jacobian matrix evaluated at § € R™. For the numerical

evaluation of derivatives, we use the utilities of the SPM distribution (http://www.filion.ucl.ac.uk/spm/), specifically the routine spm_diff.m, which is
based on a finite-forward difference scheme and has recently been reviewed in Sengupta et al. (2014).

Model overview

We start our formulation of the ERP-DCM model by considering the electrode x peri-stimulus time data matrix that ERP-DCM models. Let n, de-
note the number of scalp electrodes used for EEG data acquisition and n, the number of discrete ERP peri-stimulus time bins. We denote this data
matrix by:

Y = (yl,...,ym)E]R”EX"‘7 (1)

where y, € R denotes the potential vector over electrodes for discrete time points t = 1,..,11.. For model inversion, we consider the data matrix Y in
vectorized form:

y:=vec(Y) ER", (2)

where we defined the total number of data points by n: = n.n,. We conceive y € R" as a realization of an n-dimensional “generalized linear model,” i.e.
a random vector distributed according to a multivariate normal distribution:

Y = h(0) + £,p(e) = N(£:0,0%In) <= p(y) = N(y: h(6), 0%1). 3)
In (3)
h:© - R",0h(0) := vec(g(6)f (6f)) (4)

denotes a nonlinear function of the model parameters 0: = {6,0,} generating the expectation parameter of the normal distribution in (3) and 0 > 0,
such that oI, corresponds to a positive-definite covariance matrix modeling independent and identically distributed observation errors. f(8;) de-
scribes the latent neural dynamics model to be detailed in Section 2.3 and g(6;) describes the EEG forward model to be detailed in Section 2.4. In
Section 2.5, we will embed (4) in a probabilistic model, i.e. conceive the parameters 6 and o as random variables, rendering (4) the “likelihood”
of a Bayesian scenario.

We note that our formulation of the generalized linear model in (3) deviates from the formulation of ERP-DCM in the SPM context in two regards.
Firstly, in SPM error covariances are commonly formulated as linear combinations of inverse covariance, i.e. precision, basis functions (Friston et al.,
2002a, 2002b). However, for ERP-DCM only one error precision parameter is optimized by assuming a single basis function. This basis function orig-
inally conformed to the n x n identity matrix equivalent to (3) in the context of relatively low temporal data resolutions (David et al., 2006 ), and has
since been adapted to reflect an autoregressive noise process. Secondly, we omit modeling of an additive nuisance variable term in (4). In SPM this

Table 1
State variable neurobiological connotations. See also Fig. 1 for a full discussion.
State variable Neurobiological connotation
x{ Membrane potential of the spiny stellate cell population
x5P Positive membrane potential of the pyramidal cell population
x4P Negative membrane potential of the pyramidal cell population
x4 Depolarizing current of the spiny stellate cell population
pag) Depolarizing current of the pyramidal cell population
xg® Hyperpolarizing current of the pyramidal cell population
XD Membrane potential of the inhibitory interneurons
xg™ Depolarizing current of the inhibitory interneurons
xg™ Net membrane voltage of the pyramidal neurons
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term reflects the linear combination of a discrete cosine set and is usually employed to describe low-frequency data drifts. In our formulation, we
assume that the electrode data has been appropriately mean-corrected/high-pass filtered during EEG data pre-processing, rendering additional nui-
sance variables redundant.

The neural dynamics model

The ERP-DCM neural dynamics model in delay differential equation form

Cortical neural dynamics in ERP-DCM are modeled as a system of coupled delay differential equations, where subsets of state variables represent
“cortical sources” that give rise to dipole activations in an EEG forward model. Each cortical source comprises nine one-dimensional state variables
that model the aggregate biophysical properties (transmembrane currents and transmembrane voltages) of three cell-type populations: spiny stel-
late cells, representing the input population of the cortical source, inhibitory interneurons, and pyramidal cells, representing the output population of
the cortical source. Let n; denote the number of assumed cortical sources for a given data set and let v := 9n; denote the total number of state var-
iables. The values of the state variables over a time interval I can be cast as the function

T
X: ICR=RY, tx(t) := (xg”(m e XS0, o X (1), ...7xg"5)(t)> . (5)

Typically, the time-interval I C R of interest corresponds to a peri-stimulus time window in the order of a couple of hundred milliseconds. For the
ith source, the nine state variables x{"...., x§” represent the neurobiological concepts listed in Table 1. In most general form, the dynamics of the ERP-
DCM neural state (1) can be expressed by a system of delay differential equations:

£(6) = g, (u(0), (K(t=di); <0 ), (6)
where
g, R x R >R” 7

denotes the system's “evolution function,” parameterized by the parameter set 6,,. Note that here and in the following we use k and [ to index state
variables irrespective of their cortical source context, and i and j to index state variables with respect to their cortical source context. In (6) u denotes
the time-dependent input function of the system. This function is given by

(t—d)®
u:I-R, t—u(t) = 32exp<— 752 (8)
and describes extrinsic input entering the system. In ERP-DCM this input, usually assumed to be of thalamic origin, is parameterized in terms of a
delay variable d and a scale variable s given by

d:=t,+128p; and s := ty exp(p,), (9)

respectively. In (9), t, and t,, are fixed, user-specified scalar input-onset and input-duration time parameters, while p; and p, correspond to free pa-
rameters of the neural dynamics model that can be estimated during model inversion. Finally, dy; (1 <k, [ <) denote between-state variable delay
parameters, some of which correspond to free parameters of the neural dynamics model as discussed below. We use D := (dy)1 <1< € RV *V to
denote the complete set of delay parameters. Below, we further classify the entries of D into within- and between-source delay parameters, which
will be denoted by &y and 6, respectively. Also note that the system of delay differential equations (6) is formulated in continuous time. In order
to enable such a model to serve as a model of digitized, discrete EEG data of the form (1), some appropriate form of temporal integration and
discretization is required. This will be discussed in detail below. For the moment, we follow the conventional portrayal of the ERP-DCM neural dy-
namics model in continuous time and further unpack Eq. (6). To this end, we first note that the ERP-DCM system evolution function ¢y, partitions
source-wise. This means that state variables within a source affect each other with an “intrinsic” delay 6o, and that pyramidal cell net membrane volt-
ages x§7(i = 1,...,n;) enter a given partition ¢, with “extrinsic” between-source delays &; (1 <i,j < ng, i # j). A more detailed account of (6) is thus
given by

) (w0 =00, (4 (=o)L

)'<<2>(t) B d)éi) (u(t),x(z)(f—l’;o), (ng) (t_ﬁlj))l <jeng jui ) , (10

e <u(t),x<”s>(t—50)v (ng> (t_ﬁnsj)>1 <jsngjei )

where the ¢, ? denote source-specific evolution functions

by R xRIXR¥ SRS (i=1,...,n). (11)
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Eq. (10) thus defines the dynamical behavior of the nine state variables of the ith source by

vy a0 (i) (f— ( ) (.. )
XV(t) = oy, (u(t),x (t—=b0), (x5’ (t—54) Vejene)” (12)
In words, (12) states that the rate of change of the ith source neural state vector at time t is a function of the input state at time t, its own state at time t

- 8o, and the 9th state variables x4 of all sources j = 1,...,1; at source-source specific delayed time-points t - ;. We next consider the specific func-
tional form of the functions ¢9¢’)(1 = 1,..., 1) in (12). These have the form

) ) _
ol ( (0),%0(t=60), (x5 (t— 6U>lsjsns,j¢i> =
(

X (t—60)
X (t—69)
Y X (t—69) ‘ |
A n S 20 (t—80) %P (t—89)
?%(ZJ 1,j#i 'JS( ) ) Z] 1,j=i%i ( (t=5y) ) +y15<x9' (t—s,»j))+2qu(t)>— 47—(!’) a 17—0‘)2
e e e
) (i) (i)
H s ) 2x5'(t—00)  x)’(t—0o) 13
i(zj 1j=i ,]S(xg (t=5) )+Z} 1j2i% (91 (t_ﬁij)> +3125( (e~ 5°)>)_ 5?@ - () . )
. e
Hi (o (o, X (t— o) x5 (t—8o)
7~_i<'Y45<X7 (t 50)) —2 7, f_iz
)
A, g aBs(x9 (t—6;) t—o (69 )) 28 (E=00) %7 (t—d0)
q-Tei)(Zj:Lj*i (Xg i )+ZJ 1j#i% ( ( i) ) +¥s ( (£=bo) )) f-g) 702
e

X0 (t—60)—x (¢—8p)

In (13), S denotes a function that models the conversion of neural (population) cell membrane potentials to neural (population) firing rates. This “ac:
tivation function” is given by the sigmoid function

1 1

S:R-R,§~5(§) = - 14
PRS0 = &) T+ expin) a4
and is parameterized in terms of two parameters s; and s,, which enter (14) in the form
2 1
n=s exp(sy) and ry = 3 exp(sz)- (15)

The parameters s, s, € R correspond to free parameters of the neural dynamics model that can be estimated during model inversion and are iden-
tical over all applications of the function S. In addition to S, the explicit formulation of the function ¢>9§;) in (13) has introduced a number of additional
parameters. These parameters comprise

« three parameter sets that describe the “forward,” “backward,” and “lateral” connectivity of the cortical source neural dynamic model A" :=
(aiFj)l <ijs<n € R * ", AP 1= (ag)l <ijn, € R™* ™, and A" := (ale)l <ijn, € R™ <™,

 an “extrinsic input” connectivity vector C := (c,)1 <isn, ] ER™
. » ex
 source-specific “excitatory receptor densities H (Hh ) 2 ER,
« source-specific “inhibitory receptor densities” q" =(H; )< ER”S
Table 2
Parameter set of the neural dynamics model and conversion formulas for positively constrained parameters.
Interpretation Parameter set 0, Conversion
formulas
Input function parameters p: = (p)i — 12 € R? -
Activation function parameters st=(Si)i=12€ R? -
Forward connectivity A= () <ijen ER™TT _
Backward connectivity AB: = (a5)1 <ijsn, ER™XM
Lateral connectivity Al = (af)1 <ijen ER™ ” -
Input connectivity C=(C)1<i<n €ER™ -
Excitatory receptor density Hex: = (Hix)1 <i < n, ER™ III‘EX —4 «eXp(Hix)
Inhibitory receptor density Hin: = (Hip)1<i < n, ER™ 111:" —32. exp(Hf )
Excitatory time constants Text = (Thx)1 < < n ER™ f-‘ex =0.008 ,exp(Tt)
Inhibitory time constants Tint = (Th)1 <i<n, €R™ i, =0.016 ,exp(ri)
Y1 =128 .exp(v;)
o . 4 Y2 =28 .exp(y,)
Intrinsic coupling Y= (v)1<i<4a€R 2= 2

¥ =32 exp(ys)
V3 =32 ,exp(ys)
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Fig. 1. State variable neurobiological connotations and delay parameters. (A) The formulation of the source-specific neural dynamics in Eq. (13) reflects the following neurobiological
connotations for the neural state variables x{"x$?,....x§? of the ith source: (1) The rate of change of the membrane voltage of the spiny stellate cell population xg” is given by the
depolarizing current of the spiny stellate cell population x,". (2) The rate of change of the positive membrane potential of the pyramidal cell population X[2i> is given by the depolarizing
current of the pyramidal cell population x5, (3) The rate of change of the negative membrane potential of the pyramidal cell population )‘c? is given by the hyperpolarizing current of the

pyramidal cell population x¢™. (4) The rate of change of the depolarizing (excitatory) current of the spiny stellate cell population Xf{) is (a) positively modulated by the weighted sum of
the delayed pyramidal cell activity in all other sources connected to the ith source by means of forward and lateral connections, the spiking output of the pyramidal cell population of the
ith source, and the weighted activity in the input, and (b) negatively modulated by its current state and the membrane potential of spiny stellate cell population. (5) The rate of change of
the depolarizing (excitatory) current of the pyramidal cell population X? is (a) positively modulated by the spiking output of the spiny stellate cell population of the ith source and the
weighted sum of the delayed pyramidal cell population activity in all other sources connected to the ith source by means of backward and lateral connections, and (b) modulated
negatively by its current state and the positive membrane potential of the pyramidal cell population. (6) The rate of change of the hyperpolarizing (inhibitory) current of the pyramidal cell
population Xg) is (a) modulated positively by the weighted spiking output of the inhibitory interneuron population of the ith source and (b) modulated negatively by the hyperpolarizing

current and the negative membrane potential of the pyramidal cell population. (7) The rate of change of the membrane potential of the inhibitory interneurons Xg) is given by the

depolarizing current of the inhibitory interneurons xg™. (8) The rate of change of the depolarizing current of the inhibitory interneurons )‘cg> is (a) modulated positively by the spiking

output of the ith-source pyramidal cell population, the weighted sum of the delayed pyramidal cell activity in all other sources connected to the ith source by means of backward and
lateral connections, and (b) modulated negatively by the membrane potential and depolarizing current of the inhibitory interneurons of the ith source. (9) Finally, the rate of change of the
pyramidal cell population net membrane potential x4, which forms the basis for both the spiking output of the ith source and the forward mapping to electrode potentials, is modulated
positively by the depolarizing current of the ith source pyramidal cell population x5 and negatively by the hyperpolarizing current of the ith source pyramidal cell population x¢™.
(B) Delay parameters of the neural state system. The delays dj, (1 < k,I < V) between the v := 9n; state variables form a delay parameter matrix D := (dy)1 < k1 < » € RV * "V (right
subpanel). This matrix is given by the sum of a within-source delay parameter matrix D,, € R"*" (left subpanel) and a between-source parameter matrix D, € RV (middle subpanel).
These two matrices in turn are constructed on the basis of a fixed within-source delay parameters 6, and free delay parameters 6; (1 <1, j < ny) as described Eqs. (32) and (33).

* source-specific “excitatory time-constants” 7 := (7"), ;;c, ER'Y,
+ source-specific “inhibitory time-constants” 7" := (7{"), .., ER", and
« four “intrinsic coupling” parameters 7y := (¥y, V2, V3, Y4) | ER?.

We note that in contrast to the ERP-DCM implementation in SPM, we do not constrain the connectivity parameters A", A, A" and C to be positive. This
choice was made to prevent non-zero system responses to the input function for “approximately zero” connectivity parameter settings such as


Image of Fig. 1

D. Ostwald, L. Starke / Neurolmage 136 (2016) 227-257 233

¢; = exp(— 64) during model inversion. All remaining parameters, denoted with a tilde, are constrained to be positive. To allow for the quantification
of uncertainty about values of the parameters by means of normal distributions, these parameters derive from the weighted exponentiation of a cor-
responding set of parameters H, H", 7%, 7', and vy in SPM, a convention we retain. The complete parameter set of ¢ is thus given by

0¢ = {p7 S7AF7AB7AL7 CvHexaHin7TeX7Tm7‘y } (16)

and summarized in Table 2. The specific conversion formulas from the unconstrained (tilde-free) parameters to the positive-constrained parameters
above are reported in the last column of Table 2. Generally speaking, when assuming log normal distributions for non-negative (scale) parameters
these parameters (which we denote by a tilde) are referred to as “log-scale parameters”. The neurobiological connotations that the formulation of
the neural dynamics model by means of Eq. (13) entails are discussed in Fig. 1.

We have introduced the neural dynamics model in continuous-time delay differential equation. As previously indicated, in order for such a model
to serve as the basis for describing discrete-time data, it has to be integrated and appropriately discretized. In ERP-DCM, this temporal discretization
and integration comprises two steps: firstly, the conversion of the delay differential equation system into a system of ordinary differential equations
(David et al., 2006, Appendix A.1), and secondly the numerical integration of the resulting system of ordinary differential equations (David et al.,
2006, Appendix A.2). We will discuss each step in turn.

Conversion of delay differential equations to ordinary differential equations in ERP-DCM
To add to the transparency of the following, we formulate the conversion for the special case of a single delay differential equation in Supplemen-
tary Material S2. For the conversion of the system of delay differential equations (6) into a system of ordinary differential equations, we first relabel

the system's state variables and consider each variable in isolation (i.e. irrespective of its source-specific context) as x; (k = 1,2,..., vV := 9ns). We thus
consider a general delay differential equation system of v state variables

Xi(ty) = Qp(x1(t1—di), X2 (2 —dy2), .., Xo (b —dpy)) (k=1,2,...,V). (17)

and omit the distinction between within- and between-source delay parameters for the moment. Note that in the form of Eq. (17) each state variable
X R = R, ti — xi(ty) is considered as a function of an individual time argument t,. For our current purposes, let t := (t;); <k < » € R” denote the time
vector and dy := (di)1 <1 < » € RY denote the vector of delay parameters of relevance for the kth state variable. We can then write the above more
compactly as

Xi(te) = @ux(t—dy)  (k=1,2,..). (18)

In (18) we implicitly defined the system function as x:R" — R",t - x(t). ERP-DCM converts the system of delay differential Eq. (18) into a system of
ordinary differential equations by means of Taylor approximations of the functions on the right-hand side, i.e. of the composed functions:

(@pex) : RVSR, to (X (t) == @ (x(t)  (k=1,2,....V). (19)

Specifically, to first order

P (X(E—dy)) =@ (X(£) — %@k(x(f))dk- (20)

With the chain rule of differentiation, the derivative in the above takes the following explicit form

E%M(tl) a—tle(fl) %Xl(tl)
0 d a
SO0 = LX) 0 = (o) = oaxo)) | @ gp) g ) el
9 : 3 : - :
EXV(G/) aitle/(ty) %XV(tV)

Because in (21) a%x,(tl) = 0 for k # | and with the notation x,(t;) = a%xl(t,) , the approximation in (20) takes the form:

O x(t—d) = @ () =3 %@ux(nm(tl)dm. (22)

We next consider the concatenation of the thus approximated functions ¢y in the form

((p](xl, ....,xv))
©:RVSRY X5 @©(x) = : (23)
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with Jacobian evaluated at x given by

0 0
W%(") W‘Pl(x)

© R _ 1. . v, VXV

Fe=U® =1 o EE N (24)
E(PV(X) E(Py(x)

We can then identify the terms a%(p,( (x(t)) in the sum on the right-hand side of (22) with the respective entries in the Jacobian matrix of ¢, yielding

Qx(t=d) = Qx(e) =D, UH) KO dy (k=1,..., 1), (25)
We next treat the approximation in (25) as equality and concatenate over k = 1,...,v into vector format, yielding

x1(ty) @7 (x(t)) x1(t1)
: di (]‘fl_)(x(t)) dw(]ﬁ{)(x(t))) :

: . kk(:tk) : (26)
. . dV] (]fl)(x(t)) dVV (]?fv)(x(t)) . :
Xu(tv) (Pv(x(t)) Xy (ty)

x| = | @) —(

Eq. (26) can be written more compactly with the delay parameter matrix D = (d)1 < k) <» € R * ¥ and using the element-wise (Hadamard) matrix
product “®” as:

x(t) = e(x(1)) = (D® J*(x(1))) (1) (27)

Rearranging then yields

x(t) = (I + (D@ JP(x(t))) '@ x(8)). (28)
Finally, by defining:

Q=1+ (D®J?(x(1))) (29)

we have rewritten the system of delay differential equations (18) as a system of ordinary differential equations

xX(t) = Q' o(x(1)), (30)
which depends on the delay parameters D and the Jacobian of ¢ evaluated at x(t). Finally, we clarify the relation between the entries of the delay
parameter matrix D and the within- and between-source delay parameters 6o and 6; (1 <1i,j < n, i # j). The system delay parameter matrix D is
given by

D := Dy, + Dy, (31)

where D,, € R * " and D, € R" * ¥ are within-source and between-source delay parameter matrices. These matrices, in turn, are given by

Dy := 1,,®(80(19—1Io)) (32)

and

Dy := (6w(A—In,)®1g, (33)

In (32), 8¢ is a fixed within-source delay parameter of the ERP-DCM neural dynamics set to 8o = 0.002 s and 14 € R® * ¥ is a matrix of all ones.
Intuitively, 6o describes between-layer delays (Moran et al., 2013). For n; = 2, the matrix D,, is visualized in the left subpanel of Fig. 1B. In (33)
A := (exp(6;)) € R™ > s is a matrix of exponentiated between-source delay parameters 6;; (1 < i,j < ng,i # j), where for i = j, 6;; := 0, such
that Ay =1fori=j,and 19 € R® > ? is a matrix of all ones. Here, 6,, reflects the prior expected between-source delay and is typically set to
6w = 0.016 s (Moran et al., 2013). For n; = 2, 6 = —0.52, and 6,; = —0.06 the matrix D}, is visualized in the middle subpanel of Fig. 1B.
The resulting delay parameter matrix is shown in the right subpanel of Fig. 1B. Notably, the non-diagonal entries of A € R™ * s form
parameters of the ERP-DCM forward model (see below).

Temporal integration of the delayed neural dynamics model
We next consider the numerical discretization and integration of systems of the form

X(6) = P(x(1)) :== Q~ @(x(1)) (34)

in ERP-DCM, where we absorb the inverse of D into the function

PR - RY x> i(X) (35)



D. Ostwald, L. Starke / Neurolmage 136 (2016) 227-257 235

and continue to omit the dependence of ¢ on u(t) and 6,,. To temporally integrate ODE systems of the form (34), ERP-DCM capitalizes on a custom
Taylor-expansion-based integration scheme, which can be motivated as follows (David et al., 2006, Appendix A.2). Given the state value at time t € R,
x(t), the state value at time t + At, where At > 0 indicates the user-specified step-size of the integration scheme (e.g., corresponding to the sampling
time-bin width of the recorded EEG data), can be written as a Taylor expansion about x(t) as follows:

2

xX(t + At) = x(t) +%x(t)At+%x(t)%At2 +.. (36)
Based on:

d o 37

g X0 = x(0) = $(x(t)) (37)

the right-hand side of Eq. (36) can equivalently be written as

X(t+ At) = X(t) + P(x(t))At + %l//(x(t)) % (A + ... (38)
Using the chain rule of differentiation, we obtain

d d d

D) = Sx(0) FoX(0) = V() Yix(0) 9)
A 6%,6%) = (1,1,)7
10
.20
83
w4
50
60

¥ 0
0 0.05 0.1 0.15
Time [s]

Fig. 2. EEG forward modeling. (A) The ERP-DCM forward model capitalizes on the evaluation of dipole position-dependent lead-field matrices L%  for canonical dipole moments 69" =
(1,0,0)08? = (0,1,0)", and 6$)® = (0,0,1)". The left panel depicts these canonical moments for a dipole located at MNI coordinates (42, — 31, 58). Note that the dipole moment
components are magnified for visualization purposes. The middle panel depicts the corresponding lead-field matrix as evaluated based on conventional solutions of the EEG forward
problem implemented in the FieldTrip toolbox. The right panel depicts the projection of the canonical dipole moment of the left panel into electrode space. (B) To model ERPs over
time, the latent neural state activity vector x(t) is projected onto a univariate time-course by means of a neural state projection row vector 6; € R"*°, which forms part of the EEG
forward model parameter set. This univariate projection modulates the dipole moment length over time. In the left panel, the gray lines depict the dynamics of a single source's nine
state variables and the blue line depicts their projection onto a univariate time-course. The middle panel depicts a dipole moment 65 and location 9§,") that does not correspond to the
canonical moment. The projection of this moment based on the univariate state system projection at time t = ¢, is shown in the right panel. Note that the electrode space project is
markedly different from the electrode space projection of the canonical moment.
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Table 3

Parameter set of the EEG dipole forward model.
Interpretation Parameter set 0,
Dipole positions Op: = (05",....0) € R * ™
Dipole moments Oz = (0),....00)) € R3 > ™
Neural state projection 6,eRrR ¥ 9

Hence:

X(t + At) = x(t) + P(x(t))At + %]‘J’(x(t)) Px(D)(AD? + ...

(40)
=x(t) + <At + %]‘”(X(t))Atz + ...)d/(x(t)).
Finally, we can rewrite the expression
U= At+%]“’(x(t))(At)z . (41)

in matrix exponential form, because with the series definition of the exponential function, we have

U=At+ %]“’(x(t))(At)z f..
- <1,, + ALY (x(0) + % (At)? ( ]"’(x(t)))z + ...—1V> ( ﬂ’(x(t))) B (42)
= (exp(ac- J ()5 ()

In the context of (stochastic) nonlinear dynamical systems, the result of Eq. (42) is known as “local linearization” (Ozaki, 1992). By choosing an
integration step-size At and an initial condition x(tp) a recursive evaluation scheme for the neural dynamics system is thus given by

for j=1,2,...n
X(t;) = x(tj-1) + exp(At - J(x(0) 1) (J (1)) () (43)

which yields a discrete series of neural state activation vectors x;, j = 1,....11.. Because the integer index j reflects a temporal property, we will replace it
by t = 1,..,n, in the following, discarding the notion of continuous time.

The integrated form of the neural dynamics model
To summarize, in this section, we introduced the ERP-DCM neural dynamics model in the form of the delay differential equation system

X(£) = by, (u(), (X(t=0ia)); <z ) (44)
in its continuous time formulation and have discussed its temporal integration and discretization. From the perspective of estimating the model pa-
rameters, the most important feature of this integration scheme is that it can be interpreted as a conversion of the neural dynamics model as a system

of DDEs into a formulation of the neural dynamics model as a function that maps a parameter set 6y = {0,,A}, comprising the parameters of ¢ and the
delay parameters A onto a neural state activation matrix

X = (X1, X2, ..., Xp,) E RO “

where n; € N denotes the number of peri-stimulus time samples which are chosen for the temporal integration. We write this function as

f @f_)R%xntﬁf ,_)f(gf) =X (46)
and denote the cardinality of the parameter 67 € ©yby py€ N. In other words, by the definition in (46), the symbol f(6;) introduced in Eq. (4) refers to
the 9n; x n, matrix of neural states activation time-courses over all sources. In the next section, we consider how this matrix is mapped onto electrode
space time-courses by means of an EEG forward model.

The EEG forward model

Above, we have summarized the neural dynamics model as a function f that maps a parameter vector 6 € ©/ C R” onto a matrix

X = (X1,X2,...,Xn,), where x;, ER™™ for t=1,2,...,n; (47)

of discrete-time neural state activations. In this section we consider the mapping of a single neural state vector x, onto a single electrode po-
tential vector y, € R", which we refer to as the “EEG forward model” of ERP-DCM. This model corresponds to a linear mapping of the neural
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state vector x, onto an electrode potential vector y, by means of a “gain-matrix” G € R" * 9

Y, =Gx for t=1,...n (48)

Because this projection is identical for all time points t, we will omit the subscript t in the following discussion. In ERP-DCM (Kiebel et al.,
2006), this gain matrix is parameter dependent, which we express by using a superscript 6z on G, where 6, € 6% C R™ will denote the parameter
vector and parameter set of the EEG forward model, respectively. These two notational modifications render the equation above:

y = G%x, where y €ER"™ x €R and G% € R, (49)

In the following, we will discuss how the matrix G% is generated based on parameter values 6, and introduce the subcomponents of this pa-
rameter vector. We start by considering the dipole positions and moments for the ith source (i = 1,...,n5) in three-dimensional (MNI) space,
which we denote by

o o

. by . m
0y := | 6 | €R® and 6)) := | 6l | ER’. (50)

(i) (i)

Opa Oma

The vectors 63" and 65 correspond to free parameters of the EEG forward model and can be estimated during model inversion (in SPM, 65" is
usually endowed with tight priors, such that effectively, only the dipole moments 6% are free parameters). In their concatenated form over
sources, i.e. as

0, == (0;,”,...,9;"0) ER>™ and O, = (eﬁ,}%...,e;gs)) ERI M, (51)
they form the first two subcomponents of the forward model parameter 6,. Note that the vectors 9{;) and 6 are source-specific, but not time-
dependent: during a given modeled peri-stimulus time-period, these parameters remain constant. For a specified position vector 6{,” the ERP-
DCM approach evaluates a “canonical lead field matrix,” i.e. the column-wise concatenated electrode potential distributions for “canonical di-
pole moments” 6$)(" := (1,0,0)7, 6)® := (0,1,0)" and 65)® := (0,0,1)". We denote this canonical lead field matrix by L%’ € R™ * 3. Note that
L% is dependent on the position of the dipole, but, as it encodes the electrode potentials for the canonical moments, independent of the mo-
ment 6. The canonical lead field matrices L%", ..., %" are evaluated based on conventional solutions of the EEG forward problem imple-
mented in the FieldTrip toolbox for EEG data analysis (Oostenveld et al., 2011). In our implementation of the model, this fact requires the
availability of the FieldTrip toolbox in the Matlab search path. Based on the canonical lead-field matrices L%" and the moments 6 of each
source j = 1,...,n;, ERP-DCM next evaluates source-specific “dipole lead field vectors” [%"*() € R™ by means of the products

[0 1%'60) for i=1,....n,. -

These dipole lead-field vectors may be interpreted as the electrode potentials which are evoked for the given dipole position and dipole mo-
ment settings under the assumption that each neural state variable contributes to the electrode potentials with a weighting factor of one. To
render certain state variables, such as the “pyramidal cell membrane potential,” important contributors to the electrode potential distribution
and others negligible, the dipole lead-field vectors are firstly expanded by means of a “neural state projection row vector” to allow for a param-
eterized weighting of the neural state activations in their contribution to the electrode potential distribution:

L0 = 0,0 for i=1,....n, (53)

Here, §; € R! * ° s the third and final subcomponent of the forward model parameter 6, and L' € R™ * ° corresponds to a lead-field matrix for
all nine state variables of the ith source. Finally, the source-specific lead-field matrices are concatenated over sources forming the system gain
matrix:

Gl .— (L(l) 12 ) )E R7ex9ns .

In summary, specification of the EEG forward model parameter:

O == {0p,0m,0;} (35)

allows for the projection of the neural state activation vector onto an electrode potential distribution for each time-point t = 1,...,T. We visu-
alize the main components of the EEG forward model in Fig. 2. Note again that temporal variation in the electrode potentials is brought about
only by temporal variation of the neural state activations and not by temporal variation of the EEG forward model parameter 6,. We denote the
cardinality of 6, by p; € N and summarize the parameters of the EEG forward model in Table 3.

In summary, we may formulate the EEG forward model of ERP-DCM as a function g, which maps the parameter value 6, onto a gain matrix G,
i.e., we can write

g: 0y CRPSR™M 0, s g(6;) == G*. (56)

In other words, by the definition in (56), the symbol g(6,) introduced in Eq. (4) refers to the n, x 9n, gain matrix projecting discrete-time neural state
activation time-courses onto discrete-time electrode potential time courses.
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Table 4
Step-size selection algorithm.

Initialization t®: = 1
While —F( x + t® p) >—F(x) + ct (W(x)%)

(0 = ped
End.
Initialization

Probabilistic embedding of the delay differential equation model for ERPs
In Eq. (3) we introduced the deterministic aspect of the delay differential equation model for ERPs as the function

h:©— R0 h(6) = vec(g(0g) f(6f)). (57)

Thus far, we have detailed its component functions fin Section 2.3 and g in Section 2.4. Together with the assumption of Gaussian distributed obser-
vation noise, we have thus introduced the likelihood formulation of ERP-DCM as

p(y10,0%) = N(y: h(8),0°In) = N(y; vec(g(6g)f (65)). 0°In), (58)
where
_ (9
0= () em. (59)

and p: = py + pg. Recall that

g(by) = G% € R"*9 and (6;) =X€ RO e .
such that
g(0g)f(6) ER™ ™ and vec(g(bg)f(6;)) ER™ with n = nen,. o

To complete the specification of the ERP-DCM probabilistic model, we next specify a marginal (or “prior”) distribution over 6 and o2, such that

p(v,0,0%) = p(y0,0%)p(6,0?). (62)

We assume that the marginal distribution over unobserved variables factorizes over each set of unobserved variables, i.e.

p(6,0%) = p(05)p(6)p(0?). (63)

Table 5
Fixed-form variational Bayes-Newton algorithm.

SE: = 3e,mf?: = Uemo'V: = pr sV = 602, O = F(mf2,S69,m 20 5,2(0)
For i = 0,1,2,... until convergence
i+1 —1 i i T p.T 1
Sy = (3 '+ exp(=m, + sty Jm))
mf?: = m§)
Forj = 0,1,2,... until convergence
Evaluate VFy, (m{), A, (my) and t,,,"
. . L N
Y = g =t (Fm, (mg))) m, F(1m,,0)

end
mii + D: = mD

(0) (i)
(m(g)z ) - (m((gz )

. i

So S

For k = 0,1,2,... until convergence

Evaluate VFp , s , (mffz) S9N Hpy

) (K
o2 (mGy.5,2) and f 2,

52 52

(k+1) (k)

m, m k 0 k) (k)1 k) (K
( i ) = ( b )—tﬁniz s (im0 (M S)) Vi 5, P 52)
o2

o2

(i+1) (k)
m"ﬂl :: m(kIZ
g1 oy _ _
Fi+ 0 = Fm§ + D86+ D el + D00+ 1y
end
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Fig. 3. Evaluation of the variational distribution q(6) of the first toy problem (cf. Eqs. (82) and (83)). (A) Data expectation h(6) for 6 := 2, sampled data y, and maximum-a-posterior model
evaluation h(6yap) for prior settings of for ity := 0 and of := 10°. (B) Variational variance parameter update of the fixed-form variational Bayes-Newton algorithm (left panel) and effect
of the prior variance on the variational variance setting (right panel). (C) Globalized Newton approach for free energy maximization with respect to the variational expectation parameter.
(D) Variational free energy (F), and its first (dF) and second (d?F) derivatives as a function of the prior variance setting. For the left panel a tight prior with 0 := 10~* was used, while for
the right panel, a wider prior with 07 := 1.4 x 10~* was used.

The probability distributions for 6rand 6, are set to mutually independent normal distributions and the probability distribution for the strictly positive
error variance parameter o is set to a log-normal distribution. We thus define

0
) = Nowy . syi= (4 )%= (B ), (64

where the expectation parameters i, and py_are vectors in the space of the corresponding unobserved random variables, the covariance matrix pa-
rameters 3 and 3, _are positive-definite matrices in the squared space of the corresponding unobserved variable, and the 0's indicate all zero ma-
trices of the appropriate size. Finally, we define

p(OZ) = LN(OZ;:U(ILCUZ)’

(65)

where p,2,6,2 € R. Note that we use Greek letters for all parameters of the marginal distribution p(6, o). With (63)-(65), we have specified all

probabilistic aspects of our ERP-DCM formulation and together with
the structural components discussed in Sections 2.2-2.4 formulated a
probabilistic delay differential equation model for ERPs.

Model inversion
Variational Bayes

The two aims of the Bayesian inversion of the probabilistic model
(62) are (1.) the evaluation of the conditional distribution over unob-

served random variables p(6,0°|y), i.e. the posterior distribution quan-
tifying the uncertainty about the values of # and o after observing

the data y, and (2.) the evaluation of the log marginal likelihood (log
model evidence)

Inp(y) = Inffp(y,6,0%)dodo?, (66)

which serves as a basic measure for Bayesian model comparison (Kass
and Raftery, 1995). To achieve these aims, ERP-DCM uses a variational
Bayesian approach (Feynman, 1998; Neal and Hinton, 1998; Ostwald
et al., 2014). We review this approach in the following, and, where nec-
essary, adapt it for our formulation of the probabilistic model as de-
scribed in Section 2.5.
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Fig. 4. Evaluation of the variational distributions q(6) and q(o?) of the first toy problem (cf. Eqs. (82) and (83)). (A) Prior and approximate posterior distributions for 6. (B) Variational
parameter settings of q(6) at initialization (left panel) and at convergence (right panel) of the globalized Newton ascent. (C) Prior and variational distribution for o2 for variational
parameters reflecting precise knowledge of @ (left panel), and prior and variational distribution for o2 for variational parameters reflecting imprecise knowledge of 6 (right panel).

(D) Newton ascent in the parameter space of q(02).

Variational Bayes rests on the reformulation of the integration prob-
lem (66) as an optimization problem in terms of a variational free ener-
gy functional by introducing a variational distribution over the
unobserved random variables. Denoting this variational distribution
by q(6, o), the log marginal likelihood In p(y) can be rewritten as
the sum of a variational free energy functional # and a KL-divergence
term as

Inp(y) = F(q(6.0%)) + K£(q(6,0%)|]p(6,52|y)). (67)

Because the log marginal likelihood on the left-hand side of (67) is
constant, and the KL-divergence term on the right-hand side of (67) is
a non-negative quantity, the iterative maximization of the variational
free energy functional with respect to its argument (6, 02) can render
the variational free energy an increasingly better approximation to the
log model evidence and simultaneously decrease the KL-divergence be-
tween the variational distribution q(6, ) and the true conditional dis-
tribution p(6,0°|y). In other words, upon convergence of an algorithm
maximizing F(q(6,0%)), one can hope to have:

F(q(6,0%))~ Inp(y) (68)
and

q(6,0%)=p(6,0°y). (69)

For Eq. (67) to hold, the variational free energy functional is defined as:

’67 2
F(q(0,0%)) = [1q(6,0%) In (%

>d0d02. (70)
In the current application, the maximization of this functional with re-
spect to its input argument is achieved using an iterative numeric
coordinate-wise ascent in the parameters of the variational probability
distribution q(6, ). To this end, the distribution over 6 and o? is as-
sumed to factorize according to:

q(0,0%) := q(6)q(0?). (71)

The variational distribution q(6) is assumed to be of normal form and to
factorize over the parameter subsets 6yand 6y, i.e.:

q(0) = N(6;mg, Sy), my = (’"%)eu@ and S, -
meg

S, 0 .
_ < o 59g>€Rp Ppd, (72)

where the zeros indicate matrices of all zero entries of the appropriate
sizes. The variational distribution for the error variance parameter o®
is set to a log-normal distribution:

q(0?) = LN(0?;my2,552). (73)


Image of Fig. 4

D. Ostwald, L. Starke / Neurolmage 136 (2016) 227-257

T2 10

Sg = diag(10°,10%)

T1

o2 = 46,652 = 1073 1.6

-2000

-4000

-6000

-8000

T2

1.6F Ho2 = 46,652 :=1073 1.6 Sp = diag(105,10°)
-2000
e 4000
mgf 5
-6000
2.2

-8000

C T1 g T2
1.6 @p=—10=">¢c - = 9.2 1.6t Sp=diag(10°,10%)
-2
1.8 i 1.8
msf 2 & 2

241
T3 F X 1010
-16.1534
1.6 ”
-16.1534
1.8 -4
-16.1534 6
2
-16.1534 8
-10 ek -10
3 4 5 & 7
F x 10'l
g = (0,007 1.6 05
g = diag(10°,10 -500
-5000 - Bl
-1000 e
-10000 2
-1500 -2
2.2
-15000 -2000 25
3 4 5 6 7
F % 10"
1.6
-500 2
1.8
-1000 -4
)
-1500 -6
2.2
-2000 e85

Fig. 5. Variational free energy terms for the second toy problem (cf. Egs. (84) and (85)). All simulations shown are based on true, but unknown, parameters of 0 := (2,5)" and o := 100.
(A) Variational free energy terms for isotropic, imprecise priors on . Note that the variational free energy F does not exhibit a unique maximum. The constant parameters for each term of
the variational free energy are indicated on the respective panel, the variational free energy was evaluated based on these prior parameters. (B) Variational free energy terms for non-
isotropic priors. In this case, the variational free energy F exhibits a maximum. The constant parameters for each term of the variational free energy are indicated on the respective
panel, the variational free energy was evaluated based on these prior parameters. (C) Interaction effects of the prior parameter settings for 6 and o' on the variational free energy
terms. In contrast to (B), the entropy of the prior distribution p(0?) was increased, abolishing the variational free energy maximum The constant parameters for each term of the
variational free energy are indicated on the respective panel, the variational free energy was evaluated based on these prior parameters.

Specifying the variational distributions directly as in (71)-(73), and
not having their form determined analytically by application of the “fun-
damental lemma of variational Bayesian inference” (Ostwald et al., 2014)
is commonly referred to as “fixed-form variational Bayes” (Honkela et al.,
2010; Jordan et al., 1999). Note that, in contrast to the parameters of the
marginal distributions, we use roman letters to denote the parameters of
the variational (i.e. approximate posterior) distributions.

The first step towards the optimization of the variational free energy
functional under the fixed-form assumptions (71)-(73) is to rewrite the
functional (70) as a multivariate function, such that we are led to a stan-
dard nonlinear optimization problem of the form:

(74)

maxmsvgs.m F(mg7 Se, M2 ,SUz),

(!Z’SUZ
where
F:RP x RP*P x R x Ri-R, (mg,SG,mUZ,Saz)HF(me,S(;,moz,ng) (75)

is a real-valued function of real-valued input arguments. From
(63)-(65) and (71)-(73), we have for the current application:

F(mg,Sp, My2,S52)

2
=[lq(0)q(0?) In (m) dodo? = [[N(6; mg, So)LN(0?; M y2,52)

N(y; h(8), 021, )N(6; ttg, 29)LN(0?; Ly, S 52 ) )
fn ( N(6; g, S)LN(O7; Moz, S2) dédo

(76)

As shown in Appendix A, the integral above can be approximated
using a first-order Taylor approximation of the function h around the
variational parameter my (Chappell et al., 2009, Friston et al., 2007).
This yields the variational free energy objective function:

F(mg,SQ, maz,SUz) = (77)

—nln2n—nm —]ex —m, 1s
i j o2 5 p g2 +§ o2
x (y=h(mg))" (y—h(ms)) (T1)
1 1

— 5 P + 5500 (1 (ma) T () (12)

1 1 _ -

— B n2m— 2 Injsgl— 5 (r(51S0) + (mo—py) "3 (mo—p))  (T3)
1 1 2

—5 IN21S 0 —My — %o (s(,z + (M2 —Uy2) ) (T4)

L nise +2 nzne) (T5)
2 2

+ 1 + 1 In(27m5,2) + M2 (T6)

2 2

In (77), (T1)-(T4) are terms deriving from the energy function, i.e. the
expectation of the joint distribution under the variational distribution.
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Fig. 6. Estimation of the second toy problem (cf. Eqs. (84) and (85)) For all simulations, the true, but unknown, parameter values are held constant according to their values in the leftmost
panels, while subsets of the prior parameters are varied over rows of the figure. (A) Estimation for a highly precise prior on 6. Marginal prior parameter settings are indicated on the
respective panels. (B) Estimation for a less precise prior on . Marginal prior parameter settings are indicated on the respective panels. (C) Estimation for a imprecise prior on o2
Marginal prior parameter settings are indicated on the respective panels.

(T1) and (T2) primarily reflect the mismatch between data and data pre- To summarize, in this section we have converted the problem of de-
diction, while (T3) and (T4) reflect uncertainty-weighted contributions riving the parameters of the conditional distribution p(6,0%|y) and the
of the prior distributions of 6 and o, Finally, terms (T5) and (T6) enforce value of p(y) under the probabilistic model into a nonlinear optimiza-

maximal entropies of the resulting variational approximation to the pos- tion problem of the function F in terms of the parameters of the varia-
terior distribution. tional distributions. The solutions that this nonlinear optimization
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Fig. 7. Delay differential equation ERP model realization. (A) Upper panel: conceptual two-source forward architecture and input function in peri-stimulus time. Lower panel: anatomical
location of the two sources overlaid on the SPM cortical mesh. (B) Latent neural dynamics of S1 (upper panel) and S2 (lower panel). (C) Full data set in matrix form (upper panel) and
selected electrode time-courses (lower panel).
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generates are approximations of the posterior distribution and mar-
ginal data probability under the ERP-DCM probabilistic model. In the
following section, we discuss our approach to the maximization of
the variational free energy function (77) with respect to my, So, M2
and s.z.

Maximization of the variational free energy function

To maximize the variational free energy function, we use an iterative
combination of analytical and numerical optimization methods. Specif-
ically, as detailed in Appendix B, maximization with respect to the var-
iational covariance parameter S, can be achieved by evaluation of the
necessary condition for an extremum yielding the parameter update
equation:

-1

Sy = ( 3"+ exp <—m(,z + %saz) Jh(my) ]h(mo)T) (78)
on the ith iteration of the algorithm (please note that we use i to denote
algorithm iterations in this section, and not sources as in Section 2). To
maximize the variational free energy function with respect to my and
(me2.S2)", we employ two nested globalized Newton descents with
Hessian modification on the negative variational free energy -F. The pa-
rameter update equations on each iteration of the algorithm take the
form

. . o Ny —1
mi+ D = mi) e (HW (mé“)) Vm0F<mmg,)> (79)
A B
2 p(C) c10° ald)
. 1.591
1 159 1003
1580  1.002
o
1 1588 001
3 1.587 1
1.586
, 0.999
5 0 2 10 =
D k 0 E CZ('
; I
mﬂ md’
%10 4
= x 10
5
6 . p
-4 il
.6 !
15 - 475
B — 02 2
: 0 o
rn” ma‘} 4
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and
-1
me _(mi\ w0 (g m) v pl(m
@y )= 0 | Timese | Hmeso (| (@ M2 552 ® |
S(JZ S(ﬂ 502 o2
(80)
~ ; ~ T
In (79) and (80) Hmﬂ(m((,“) and Hp , s, ((mifz),sg?) ) denote the nega-

tive variational free energy function's modified Hessian matrices
with respect to my and me, s,z and V,, F(myp») and
Vin,25,2F((My2,5,2)T) denote the negative variational free energy
gradients with respect to my and m2,S,2 evaluated at my,;» and
My, 5,20, respectively. Finally, tn,, ) and ty 252 denote
parameter- and an iteration-specific step-sizes. In the following dis-
cussion of the motivation for (79) and (80) we abbreviate these
quantities by the generic symbols x € RY for the negative free
energy's argument, VF(x) for the negative variational free energy's

gradient, A () for the negative free energy’s Hessian, and ) for
the iteration specific step-size.

The parameter update rules (79) and (80) are motivated by the fol-
lowing considerations. Firstly, while standard Newton descents with
search direction py: = — Hf(x)VF(x) show good convergence proper-
ties in the vicinity of a local extremum, further away from an extremum,
the Hessian matrix may become non-positive definite and the Newton
descent may turn into an ascent. A number of methods have been pro-
posed to render the Hessian positive-definite also in this case, while
retaining the beneficial properties of including the local curvature dur-
ing minimization (Boyd and Vandenberghe, 2004; Nocedal and Wright,
2006). In our implementation, we employ a simple modification based
on the eigenspectrum of the Hessian (Nocedal and Wright, 2006,
pp. 49-51). Specifically, if (HF(x)VF(x))"VF(x) <0, i.e., H'(x)VF(x) is
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Fig. 8. Estimation of the extrinsic input connectivity in a two-source ERP-DCM model. (A) Prior distribution of the input parameter value C and its true, but unknown, value (black cross).
(B) Approximated posterior distribution or distribution of the input parameter value C and its true, but unknown, value (white dot). Note the difference in scale between (A) and (B).
(C) Prior and approximated posterior distribution for the variance parameter 0. (D) Variational free energy ascent in the expectation parameters of q(C) on the first algorithm
iteration. (E) Variational free energy ascent in the parameters of q(0?) on the first algorithm iteration. (F) Variational free energy evolution over algorithm iterations.
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Fig. 9. Estimation of dipole moments in a two-source ERP-DCM model. (A) Prior distribution of the dipole moment 65!). The black dot indicates the expectation parameter and the sphere
the 95% isocontour of the three-dimensional normal distribution. (B) Approximate posterior distribution of the dipole moment 65}. The black dot indicates the expectation parameter and
the ellipse the 95% isocontour of the three-dimensional normal distribution, while the black cross indicates the true parameter value. Note the difference in scale between (A) and (B).
(C) Prior and approximated posterior distribution for the variance parameter 0. (D) Two-dimensional variational expectation parameter projection of q(6) on the free energy surface
at initialization. (E) Variational expectation parameter of q(#) on the free energy surface of the first algorithm iteration. (F) Variational free energy evolution.

not a descent direction, we render the Hessian positive-definite by
setting:

-~ F

H (x) := Hf (x) + max (0, (6— minj\;))1q, (81)

where 6 > 0 denotes a small positive constant, and A;, j = 1,2,...,d de-
notes the set of eigenvalues of H(x). Intuitively, (81) ensures that all

. ~F .\ .
negative eigenvalues of H are positive by at least , rendering the ma-
trix positive-definite.

Secondly, while py := —H F(x)VF determines the search direction of
a Newton descent, the convergence properties of the resulting algorithm
are strongly affected by the scalar step-size t. In our implementation of
the negative variational free energy descent, we employ a standard
backtracking approach for the selection of t (Nocedal and Wright,
2006). Specifically, for p €]0,1[and ¢ > 0, a search direction py and a neg-
ative variational free energy gradient of VF, we ensure a sufficient de-
crease in the Wolfe sense by means of the step-size selection algorithm
listed in Table 4. We note that an intuitively similar device is used in
the “Variational-Laplace” scheme by Friston et al. (2007), which invokes
a backward step or decreased regularization whenever the variational
free energy changes in the wrong direction. To circumvent the need for
constrained optimization methods, we add the additional requirement
that s,,2 > 0 in the evaluation of the step-size for (mg2! + 1, 5,20 + DT,
In summary, we employ the fixed-form variational Bayesian-Newton al-
gorithm shown in Table 5, where all variational parameters are initial-
ized to their prior distribution correspondents.

Results

In the following, we report the results of numerical simulations
implementing the probabilistic delay differential equation model for

ERPs and its fixed-form variational estimation. We firstly consider the
estimation scheme in the context of two toy examples, in order to vali-
date the algorithm of Table 5 and obtain some insight into its inner
workings (Section 4.1). We then apply this algorithm in the context of
an ERP model comprising two cortical sources (Section 4.2). For all
simulations, we took an “objective Bayesian” approach (Kass and
Wasserman, 1996), in the sense that we used priors with high uncer-
tainty and hoped to recover posterior estimate expectations close to
the true, but unknown, (simulated) parameters, that are largely deter-
mined by the (simulated) data. Please note that this does neither corre-
spond to the attempt to establish “uninformative priors” for this model
class in a well-defined (e.g. Jeffreys or reference prior) sense (Bernardo
and Smith, 1994), nor is it meant to imply that “objective Bayesian” ap-
proaches are superior to “subjective Bayesian” approaches. More impor-
tantly, please note that these simulations do not mean to imply that the
recovery of simulated, true, but unknown, parameters by means of the
current framework is guaranteed. In fact, the identifiability of model pa-
rameters for the ERP model class considered here is not established in
general and constitutes an important problem for future research (see
subsequent results and the Discussion section).

Two toy examples

The first toy problem we consider for the validation of the fixed-
form variational Bayesian algorithm of Table 5 can be conceived as a
special case of the ERP-DCM model described in Section 2 (cf. Egs. (3),
(4), (57) and (58)). It takes the form:

y = h(6) + & p(€) = N(&0,0%), (82)
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Fig. 10. Estimation of forward connectivity and dipole moments in a two-source ERP-DCM model. (A) Prior and approximated posterior distribution for 6, corresponding to the forward
connectivity parameter a,;. (B) Prior distribution for (65, 65, 64) corresponding to the dipole moment 65}’. The black dot indicates the expectation parameter and the sphere the 95%
isocontour of the three-dimensional normal distribution. (C) Approximate posterior distribution for (65, 65, 6.4). The black dot indicates the expectation parameter and the ellipse the
95% isocontour of the three-dimensional normal distribution, while the black cross indicates the true parameter value. (D) Prior and approximated posterior distribution for the

variance parameter . (E) Variational free energy ascent over Newton algorithm sub-loops.

where

(83)

T
h:R—R" 0 h() = (19,29, 109)

Intuitively, (82) and (83) thus corresponds to the problem of esti-
mating the exponent parameter 6 of the latent nonlinear function “x*”
and the noise parameter o > 0 of the additive error component in a
Bayesian manner. In terms of ERP-DCM, the problem may be viewed
as the special case that h = f, i.e., g corresponds to the constant unit
function.

Fig. 3 visualizes some aspects of the determination of the parameters
of the univariate variational distribution q(#) = N(6; my, s3) for this
problem. For this simulation, the true, but unknown, value of the expo-
nent parameter was set to 6 := 2 and the variance parameter 0> > 0 was
assumed to be known. Fig. 3A depicts the ensuing expectation h(0) =
(1°9....,10%7 (blue line), a set of data points sampled from N(y; h(6),
0?14y) with 0® := 10 (blue dots), and the maximum-a-posteriori

(MAP) fit based on imprecise prior settings tg := 0 and 07 := 10°.
Due to the low prior precision, the MAP solution is dominated by the
data, such that the fit is quite accurate (see below for different scenari-
0s). The left panel of Fig. 3B depicts the effect of the initial variational
variance parameter update, where the expectation of the log-normal
distribution was replaced by the known variance parameter. While
the update clearly maximizes the variational free energy with respect
to sZ, it appears as if the ensuing variational variance is located on the
very edge of its parameter space. Closer inspection, however, reveals
that this is not the case and unveils the influence of the prior variance
o¢ on the resulting variational variance s3: as shown in the right panel

of Fig. 3B for three different settings of the prior variance o¢ and a var-
iational expectation parameter of my = 2, the variational free energy in-
deed has its maximum with respect to s close to the edge of parameter
space, but not at its edge. Moreover, the maximum location is a function
of the prior variance, as a large prior variance results in a larger maxi-
mizing value of s3. In other words, higher prior uncertainty about the
value of 6 leads to higher uncertainty in the variational approximation
to the posterior distribution of 6, as one would expect. Fig. 3C visualizes
five iterations of the globalized Newton approach for maximization of
the variational free energy function with respect to m, and the updated
variational variance parameter shown in Fig. 3B, left panel. The varia-
tional free energy has a clear maximum around the location of the
true, but unknown, parameter value, and this maximum is reached by
the variational expectation parameter after a few iterations. Finally,
the panels of Fig. 3D visualize the effect of the prior on the variational
free energy landscape and its implications for the determination of the
variational expectation parameter. The left panel of Fig. 3D depicts the
variational free energy as a function of my for prior settings y := 0
and 0f := 107> and the data sample shown in Fig. 3A (black curve).
This tight prior has the consequence that the free energy has a maxi-
mum close to the location of the prior expectation, which is also evident
from the zero-crossing of its first derivative (blue curve) and the nega-
tivity of its second derivative (red curve) at this location. In this case, the
globalized Newton algorithm initialized at 1ty would converge to the so-
lution my = 0, or, in other words, due to its high precision, weigh the
prior much stronger than the data. The right panel of Fig. 3D shows
that, like any numerical optimization procedure, the globalized Newton
algorithm for free energy maximization is not necessarily immune to
convergence to local maxima. Here, for a less tight prior of o7 :=
1.4 x 1073 the variational free energy has two maxima over the my pa-
rameter space, a local maximum close to the prior parameter (1, = 0 and
a global maximum closer to the value of the true, but unknown,
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Fig. 11. Estimation of condition-specific forward connectivity in a two-source ERP-DCM model. (A) and (B) depict the latent neural state and electrode space dynamics of the two-source
ERP-DCM model discussed in Section 4.2 with condition-specific parameterization of the forward connectivity matrix A, (A) depicts the realized dynamics for a forward parameter a,1; =
1 of Al corresponding to condition ¢ = 1 and (B) for a forward parameter a,;, = 2 of A5, corresponding to condition ¢ = 2. These condition-specific connectivity parameters are
parameterized by 3,; = 1. (C) Fixed-form variational Bayes-Newton estimation of 3,; and o?. The first two subpanels depict the prior and approximated posterior distributions for (3,
and o, the third panel the variational free energy ascend in the variational parameter mg, over the first subiterations of the algorithm, and the right-most panel the maximization of

the variational free energy over four iterations.

parameter value. In this case, initialization of the algorithm at the loca-
tion of the prior expectation parameter may well result in the conver-
gence my to the local maximum in the vicinity of t and not the global
maximum, which represents the intended weighting between prior
and data.

Fig. 4 visualizes the joint estimation of the parameters of the varia-
tional distribution q(#) and the parameters of the variational distribu-
tion g(0?) for the toy model (82) and (83) with 6 := 2 and 0 := 10.
Fig. 4A depicts the prior and converged variational distributions over 0
for 1y := 0 and o7 := 10 (blue and green curves, respectively) under
the assumption of a known variance parameter 0. For this wide prior
distribution, the approximated posterior distribution is centered in the
vicinity of the true value of 6 and has high precision. The left and right
panels of Fig. 4B depict the variational parameter settings of q(6) in
free energy space at initialization and upon convergence of the global-
ized Newton ascent, respectively. Note that the maximum of the varia-
tional free energy is located close to the boundary of the s7 parameter
space. The left and right panels of Fig. 4C visualize the determination
of the variational parameters m> and s,2. These figures visualize the
log-normal prior and variational distribution for p,2 := 0.2 and S,
:= 4 (blue and red curves, respectively) and the dots depict the respec-
tive distribution's median. For the left panel, the variational expectation
parameters my and s7 were fixed to the final results obtained under the
assumption of known variance, while for the right panel, the variational
variance parameter was set to 0z := 2 x 1073, reflecting a larger uncer-
tainty about 0. The assumed uncertainty about 0, which differs between
the two panels of Fig. 4C has implications for the inference about o
while in both cases, the entropy of the resulting variational distribution
H(q(0?)) is lower than that of the prior H(p(0?)), a larger uncertainty
about the value of @ implies a higher uncertainty about 2 and a tenden-
cy for its overestimation by mode and median. In other words, the

uncertainties about 6 and o2 interact in a meaningful manner. Finally,
Fig. 4D depicts the globalized Newton ascent in the variational parame-
ters (my2,5,2) resulting in the final variational distribution of the right
panel of Fig. 4C.

Having established our free energy maximization scheme for the es-
timation of both a univariate parameter 6 and the noise parameter 0 in
example (82) and (83) we next explore the performance of the ap-
proach in a second, more complex, toy example given by

y=h(6) +&,p(e) = N(&0,0%I), (84)
where 6 := (6;6,) € R” and

9, -6 o \T
h: R—R1 0h(0) = eg(1 7,2%...,10 f) . (85)

Notably, (85) resembles the ERP-DCM model function h (cf. Egs. (3), (4),
(57) and (58)) in so far as the value h(6) is a nonlinear function of 6y
which is multiplied by a function (here the identity) of 6,. In the follow-
ing, we first consider some features of the ensuing variational free ener-
gy as a function of the variational parameters mg, and my, before
demonstrating the joint estimation of  and o for a number of prior set-
tings. We base our investigation on a data sample obtained from (84)
and (85) with the true, but unknown, parameter settings 6: = (2,5)7
and 0% = 100.

The first panel of Fig. 5A depicts the term T1 of the variational free
energy surface as a function of the variational expectation parameter
mg = (mgfme ), where m,> and s, are set to the prior values of i,

= 4.6 and ¢,z := 107 >. This plot illustrates a fundamental issue with
models of the type (85), namely that, based purely on the accuracy
term T1 their parameters are not uniquely identifiable. Specifically, T1
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Fig. 12. Model comparison between serial and parallel architectures in a two-source ERP-DCM model. (A) True, but unknown, model architectures. To generate data, two connectivity
architectures were simulated, which are parameterized by the input connectivity vectors C‘": = (1,0)"and C®: = (1,1)" and can be interpreted as “serial processing” (upper panel)
and “parallel processing” (lower panel) models. (B) 16 data realizations of the models depicted in (A) were obtained, and each estimated using a model M;, which due to its prior distri-
bution on the input connectivity is biased to a serial architecture, and a model M,, which due to its prior distribution on the input connectivity is not biased to either architecture. The upper
panel shows the final variational free energies for both estimation models for the serial processing data model (triangles) and their mean (gray bars). Notably, model M; which is biased
towards a serial architecture takes on higher variational free energy values for all simulations than model M,. The lower panel shows the final variational free energies for both estimation
models for the true, but unknown, parallel processing architecture. Here, model M5, which is not biased towards a serial architecture takes on the higher final variational free energy values.
(C) Variational free energy evolution over evolutions of the fixed-form variational Bayes algorithm averaged over model estimations. Importantly, the differences in log marginal likelihood
approximations of panel (B) are not due to non-convergence of the algorithm, but correspond to the free energy values obtained upon convergence.

exhibits a crest which assigns an identical likelihood to parameter com-
binations along a diagonal through parameter space. The second panel
of Fig. 5A visualizes the term T2, which results from the Taylor approx-
imation to the nonlinear function h. Notably, the contribution of this
term to the overall variational free energy is a function of the variational
variance parameter Sg. For this visualization, Sy was evaluated based on
(78) for a prior variance parameter 3, := diag(10°10°), i.e., an impre-
cise prior for both components of m,. The third panel of Fig. 5A visual-
izes the contribution of the prior settings p := (0,0)" and 3 :=
diag(10°,10°), i.e., an imprecise isotropic prior centered at the origin. Fi-
nally, the right-most panel of Fig. 5A depicts the full variational free en-
ergy surface for the aforementioned prior parameter settings. Note that
the terms T4, T5 and T6 of the variational free energy function are not
direct functions of the variational expectation parameter my and thus
constant over the space of Mg, and M, As evident from the figure, the
variational free energy surface is dominated by T2. Judging from its to-
pology, a globalized Newton ascent on this surface is unlikely to identify
a meaningful convergence point. As shown in Fig. 5B, the model param-
eters can be rendered identifiable, however, by introducing prior con-
straints on subsets of the parameter space. Specifically, the panels of
Fig. 5B depict the identical terms as Fig. 5A, but with two modifications
to the prior settings for 6 := (60,)". Specifically, an informative prior re-
sembling the true, but unknown, value of 6, was chosen by setting 1y :=
(0,5)T and 3 := diag(105,10~3), while the prior settings for o> were
held constant at y,> := 4.6 and G, := 1073, Compared to Fig. 5A, T1
is unaffected, while the contribution of T2 to the variational free energy

is diminished. T3 reflects the tight prior setting for 6; and the imprecise
prior setting for 65 Taken together, these changes render the variational
free energy surface such that it exhibits a local maximum in the area of
the true, but unknown, values. For this surface, a globalized Newton as-
cent is likely to identify a convergence point around m, = (2,5)". Finally,
Fig. 5C demonstrates that also the prior settings of 1> and G- affect the
variational free energy surface, and thus influence the convergence
properties of the Newton ascent in my at least on the first iteration of
the overall algorithm. For the panels of Fig. 5C the expectation of the
prior distribution 0 and the prior parameters i and 3, were held con-
stant with respect to 5B, while the entropy of the prior distribution o
was increased by setting i,z := 107> and 6,2 := 9.2. The higher uncer-
tainty about o reflected by this choice of prior has the effect that the
expectation of 1/0, entering T1, changes dramatically, such that T1
dominates the variational free energy surface, rendering the parameter
my non-identifiable. Note that the expectation of 1/02, which also enters
T2 is balanced out by the modified updated value of Sy, and that, as seen
below, larger uncertainty about the noise parameter o is not necessar-
ily detrimental for the convergence of the overall algorithm - but, as
demonstrated, can affect the theoretical convergence properties of the
globalized Newton descent in m, space at the first iteration.

We next consider some exemplary qualitative properties of the pos-
terior and marginal likelihood approximations of the fixed-form varia-
tional Bayes approach for the estimation of the toy model (84) and
(85) under different prior choices (Fig. 6). The first panel of each row
of Fig. 6 depicts the data expectation h(6), the data sample y and the
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ensuing maximume-a-posteriori data expectation h(6yap). The second to
fourth panels depicts the prior (blue curve) and approximated posterior
(dashed red curve) distribution over 6, ; and 0, where the approxi-
mated posterior distributions correspond to the variational distribu-
tions at the last of 10 iterations of the fixed-form Newton algorithm.
The fifth panels depicts the variational free energy, which indicates
that in all cases, the algorithm has converged. For Fig. 6A - C, the prior
expectation of § was set to s := (0,5)", and for Fig. 5A and B the prior
shape and scale parameters for o2 were set to U = 4.6 and G, 1=
102, Fig. 5A derives from using an imprecise prior for 6;and a precise
prior for 6, given by the prior covariance parameter X, :=
diag(10°,10~3). As evident from the second panel of Fig. 6A, this choice
of prior results in a highly precise approximated posterior distribution
over 6y around the location of the true, but unknown, value of 6. As
shown in Fig. 6B, widening the prior on 6, by setting 3, =
diag(10°,10°), results in less precise approximate posterior distributions
about 6rand 6, but a marginally better data fit (visible primarily around
x = 5 in the first panel). The resulting variational free energy, taking
into account the increased posterior uncertainty, however, is marginally
smaller than in the case of the tight prior of Fig. 5A (—59.8 vs. —54.1).
Finally, Fig. 6C visualizes an effect of changing the prior distribution on
o2, In comparison to Fig. 6A and B, a less precise prior with a 10-fold
lower expectation resulting from > := 2.3 and 6,2 := 1 was chosen.
The primary consequence of this choice of prior is that the expectation
of the approximate posterior distribution on o> somewhat overesti-
mates its true, but unknown, value, while the uncertainty about the
value of 0% increases.

In summary, from an objective Bayesian viewpoint, the fixed-form
variational Bayesian algorithm developed in Section 3 performs ade-
quately in simple toy models. Depending on the particularities of a
given model, regularizing highly precise priors are sometimes necessary

q(C) M,

MIYMAP

0 0.05
Time [s]

to render the remaining parameters identifiable and prior settings over
structural and variance parameters may interact.

Estimation of probabilistic delay differential equation models for ERPs

In this section we showcase our estimation framework in the con-
text of the delay differential equation model for ERPs discussed in
Section 2. As a testbed, we employ a simple two-source model that gen-
erates peri-stimulus electrode space data which shares some intuitive
similarity with somatosensory evoked potentials elicited by electrical
stimulation to the left median nerve (Fig. 7) (Schomer and da Silva,
2011, Chapter 48). The full parameter value set of this simulation is
documented in Supplementary Material S3. The simulation is based
on a forward architecture of two sources (“S1” and “S2”) located ap-
proximately in right primary and secondary somatosensory cortex
(Fig. 7A). The system receives an input pulse at approximately 10 ms
post-stimulus onset. The latent neural dynamics of this model are
shown in Fig. 7 and involve an early strong pyramidal cell population re-
sponse in S1 and a weaker and delayed pyramidal cell population re-
sponse in S2. The entire response lasts for approximately 200 ms. In
electrode space (Fig. 7C), this latent source-activity results in a strong
left-lateralized response, with peak components around 20 ms, 60 ms,
and 120 ms post-stimulus onset. Note that for demonstrative purposes
the noise level in this simulation was deliberately assumed to be higher
than in typical low-pass filtered event-related potentials (Fig. 7C, lower
panel). Furthermore, note that in the empirical literature a number of
different model architectures have been proposed for modeling so-
matosensory evoked potentials. These include, for example, three-
source single-input models that also model contra-lateral secondary
somatosensory cortical sources (Auksztulewicz et al., 2012; Kiebel
et al., 2006), or two-source models that assume single or multiple
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Fig. 13. Application to real data. (A) The left panel depicts the grand-mean somatosensory evoked potential data in electrode x peri-stimulus time space as reported in Ostwald et al.
(2012), the middle and right panel show the maximum-a-posteriori estimate-based predictions of models M; and M,, respectively. (B) Variational distributions for the input
connectivity parameter upon convergence. Note that the distribution of model M; is strongly constrained by the tight prior distribution on input to the second source. (C) Variational
distributions for the observation noise variance parameter upon convergence. In line with the visual better data fit of model M, the variational distribution of model M is centered on
a larger value than that of M. (D) Variational free energy approximations of the models' log marginal likelihood for the experimental data. Despite its additional flexibility, model M,
allocates a larger marginal likelihood to the data. Based on the first 100 ms of a somatosensory evoked potential, this model comparison thus suggests a parallel input architecture of

the cortical somatosensory system.
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input connections (Klingner et al., 2015, see also Section 4.3). Given
the undecided status of the empirical literature on the modeling of
somatosensory evoked potentials, we merely view our simulation
as a useful testbed for the purposes of the current theoretical study,
but do not mean to imply any empirical veracity.

We first consider the Bayesian estimation of the extrinsic input con-
nectivity vector C := (cy,c2)" and the variance parameter o (Fig. 8). To
simulate the data shown in Fig. 7, these parameters were set to the true,
but unknown, values of C := (1,0)” (modeling exclusive input to the
first source) and o? := 0.1. With respect to the notation in
Section 3.1, we thus have 6 := 6y € R? For model estimation, we
chose a prior with low precision by setting gy := (0,0)" and 3 :=
diag(103,10%). The prior and the true, but unknown, parameter value
are shown in Fig. 8A. Likewise, we chose a low precision prior for o
by setting 11,2 := 4.6 and 6,2 : = 1, corresponding to a log-normal distri-
bution with expectation of approximately 164, and thus three orders of
magnitude larger than the true value, and a variance of approximately
1.6 x 10 (Fig. 8C, blue curve). The approximated posterior distributions
based on the variational free energy maximization algorithm discussed
in Section 3.2 are shown in Fig. 8B and C. The mode of the approximated
posterior distribution g(C) is fairly close to the true, but unknown value
with deviations on the order of 104 to 10~>. Notably, some negative
correlation is evident from the approximated posterior, and the
resulting distribution is highly precise. Likewise, the approximated
posterior distribution of the variance parameter (Fig. 8C, red curve)
is fairly close to the true, but unknown value, again with high preci-
sion. Fig. 8D and E depict the iterations of the variational parameters
me and (M2, So2)7 on the first iteration of the variational Bayesian—
Newton algorithm on the free energy surface. For the current estima-
tion problem, the variational free energy has a relatively well-
defined local maximum in both cases, such that the optimized varia-
tional parameter settings are attained after a few iterations of the
Newton algorithm sub-loops. Finally, Fig. 8F depicts the variational
free energy on the first to fourth iteration of the overall algorithm,
which shows virtually no improvement after the second iteration.
Note that for clarity, the variational free energy on initialization,
which is more negative than the values shown by many orders of
magnitudes, was omitted from the figure.

In a second simulation, we considered the estimation of the di-
pole moment of the first source, i.e. of 6 := 65 = (6,41,0,4,0,51)T
and the variance parameter 0. To this end, the true, but unknown
values of the these parameters were set to 6% := (0.02, —0.05, —
0.04)" and 0 := 0.1, and the respective prior parameters were set
to the low precision priors pg := (0,0,0)7, 3 := diag(103,10%), u,
:= 4.6 and G2 := 1. Fig. 9A and B depict the prior and approximate
posterior distribution for 65, respectively. Specifically, Fig. 9A
shows the expectation parameter and the 95% isocontour of the
three-dimensional normal prior distribution, while Fig. 9B depicts
the expectation parameter and 95% isocontour of the posterior dis-
tribution and the true, but unknown parameter value. As in the pre-
vious case, the posterior expectation deviates only marginally from
the true value and the posterior distribution is highly precise. The es-
timation of the variance parameter is virtually identical to the first
scenario (Fig. 9C). To obtain some intuition about the validity of
the estimation in the current case of a three-dimensional parame-
ter, we examined the variational free energy ascent in the space of
my, and my,. As the respective Newton algorithm converges already
at the first iteration upon initialization, we depict in Fig. 9D the var-
iational free energy surface in the variational parameters my, and
my, for my, := 0, corresponding to the prior setting of my, and my,
(black dot). Upon the first iteration (Fig. 9E), the expected value of
the approximate posterior has attained the maximum of the varia-
tional free energy in my, and my, space (black dot). Here, the varia-
tional free energy surface is evaluated for the converged setting of
my, = — 0.0403. Finally, Fig. 9F depicts the variational free energy
on the first to fourth iteration of the overall algorithm,

which shows virtually no further improvement after the second
iteration.

Finally, having demonstrated the estimation of parameters of the la-
tent neural dynamics model as well as the EEG forward model individ-
ually, we consider an example for their joint estimation. Specifically, we
are here interested in the estimation of the forward connectivity param-
eter ap1, the dipole moment of the first source 6V, and the variance pa-
rameter 02 (in terms of the notation of Section 3.1, we thus have 6 :=
(05 05)" = (az1, O5PT)T € RY). The true, but unknown, values of these pa-
rameters were set to 6 := (1,0.02, — 0.05, — 0.04)"and 0 : = 0.1. Again
we chose a low precision prior for 6, depicted in Figs. 10A (blue curve)
and 9B (95% isocontour of the three-dimensional normal distribution).
To obtain reliable estimates for the current estimation problem under
the parameter settings discussed thus far, we noted that we had to in-
crease the prior regularization of the variance parameter. We thus se-
lected u,> := 0 and 6,2 := 0.1, resulting in a log-normal distribution
with expectation of approximately 1.1, i.e. an order of magnitude higher
than the true, but unknown variance parameter, and variance of ap-
proximately 0.44 corresponding to a reasonable wide prior (Fig. 10D,
blue curve). As in the previous simulations, the expectation of the ap-
proximated posterior distribution of 6 is close to the true, but unknown
values, and shows high precision (Fig. 10A, red curve and Fig. 10C,
depicting the 95% isocontour of the three-dimensional normal and the
true parameter value). Similarly, the approximated posterior distribu-
tion of the variance parameter o is centered at a value in the vicinity
of the true, but unknown value, with (compared to the previous simula-
tions) a slight bias towards the prior expectation, which presumably re-
flects the tighter prior in the current scenario. Finally, the visualization
of the variational free energy ascent in the four-dimensional parameter
0 is not readily achieved. To nevertheless obtain some insight into valid-
ity of the estimation, we visualized the value of the variational free en-
ergy on the Newton algorithm sub-loops for the determination of m,
(blue curves) and (myz2, s,2)" (red curves) in Fig. 10E over four iterations
of the overall algorithm. The maximal number of iterations for these
sub-loops was set to 8, and missing data points reflect convergence on
sub-loops. As can be seen, the variational free energy steadily increases,
and convergence is attained for both sub-loops on the fourth iteration of
the overall algorithm.

In summary, from an objective Bayesian viewpoint, the fixed-form
variational Bayesian algorithm developed in Section 3 performs ade-
quately for a number of parameter estimation problems in the current
probabilistic delay differential equation ERP model.

Experimental applications of probabilistic delay differential equation
models for ERPs

In Section 4.2 we provided a detailed demonstration of parameter es-
timation and log marginal likelihood approximation for a delay differen-
tial equation ERP model. While the issues discussed are highly relevant
for the neurobiological interpretation of empirical results obtained
using this approach, they may not be of primary concern in experimental
contexts. In this section, we thus demonstrate three additional issues
that may be of higher immediate concern for experimental applications:
the estimation of condition-specific effects, the comparison of different
model architectures, and an application to real, not simulated, data. Be-
cause a general theoretical coverage of these topics is beyond the scope
of the current note, we take a less formal approach than in the preceding
sections.

Estimation of condition-specific effects

ERP studies typically rest on the comparison of ERPs acquired under
different experimental conditions, e.g., stimulus types or cognitive con-
texts (Luck, 2014). Like the standard ERP-DCM approach, the model
discussed in Section 2 can be extended to the estimation of condition-
specific effects by including modulatory effects on its parameter set
and concatenation of the resulting model predictions. To generalize our
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model to a scenario of multiple ERP conditions, let n. denote the number
of conditions, and let ¢ = 1, 2, ..., n. be the condition index. We firstly
note that in the case of more than one ERP, the data takes the form

Y1
y=| i |ER"MM., (86)
Yne

where y. € R™™ is the vectorized form of the electrode x peri-stimulus
time data matrix acquired under experimental condition c. As previously,
we define n := n.ngn,. Correspondingly, the data model for multiple ERPs
takes the form (cf. Eq. (4)):

(o)1)
(o) 01)

where the parameter set 6 partitions into the condition-specific la-
tent neural and forward model parameters 0/1),0/%,...,04" and
051,05%,...,0"), respectively. In principle, any of the elements of
0/ and 65" could be endowed with condition-specific effects. Custom-
ary, however, ERP-DCM has parameterized condition-specific effects at
the level of the models connectivity architecture, i.e. the forward, back-
ward, and lateral connectivity matrices A", AE, and A" (cf. Eq. (16))
(David et al., 2006). In the following, we discuss a parameterized ap-
proach to endow the forward connectivity matrix Af with condition-
specific effects and demonstrate this for the two-source model of
Section 4.2.

To implement the estimation of condition-specific effects we firstly
assume that all parameters of the data model (87) stay constant over
conditions, except for the forward connectivity matrix, which now
takes on condition-specific values A%, A, ..., A, . The elements af. € R
(where 1 <i,j<nsand c = 1,..., n.) of these matrices can be parameter-
ized in an affine-linear additive manner by defining a reference connec-
tivity matrix A := (af;) € R™* ™, a “design vector” M := (0,1,2,...,n. —
1) € R™* 1 an effect matrix B := (By1 < ij < n, and setting

h:0-R" 0~h(0) :=

jje := Qi +MePBy(c =1,...,nc). (88)

In words, the forward connectivity parameter between the jth and ith
source in condition c is given by the “baseline connectivity” a;;; (corre-
sponding to the forward connectivity in the first condition) plus the
product of the design vector entry m. and a source-source connectivity
specific parameter (3. For the simulation shown in Fig. 11, we consider
n. = 2 conditions and defined:

F_ (0 O (0 (0 0
Al = (1 O>7M.7<]>,and B.7<1 0), (89)
such that:
00
=3 9) (90)

which corresponds to a doubled forward connectivity from source 1 to 2
in the case of condition ¢ = 2. The remaining parameters remained con-
stant between conditions and were set as in Section 4.2 (see Supplemen-
tary Material S3 for details). Fig. 11A and B depict the simulation of the
latent neural state dynamics and their resulting observed responses for
forward connectivity matrices Af and A%, respectively. The leftmost sub-
panels depict x{"), the latent dynamics of the first source, which is unaf-
fected by the condition-specific variation of the forward connectivity.
The second subpanels depict x(?), the latent dynamics of the second
source. Notably, because the forward influence of (!’ on x?) is doubled
under the A5, the amplitude of the latent dynamics of the second source
are doubled for the second condition. The final two subpanels visualize
the result of this variation across the entire electrode space and for

selected electrodes, respectively. Here, the increase in x'*) amplitude af-
fects primarily the electrode responses in the time-window of 50 to
100 ms.

Panel C of Fig. 11 depicts the estimation of the corresponding
condition-specific effect parameter 3,; and the variance parameter o2.
For the realization of Panels A and B, the true, but unknown, values of
these parameters were set to (827 := 1 (cf. Eq. (82)) and 02 := 0.1.
The left-most subpanel depicts the prior distribution p(21), where i,
:=0and 3, 1= 103, and the approximation to the posterior distribution
q(B21), which, for the current data realization, results in a MAP estimate
of mp, ~ 0.94. The next subpanel depicts the prior distribution p(03),
where 1,2 := 4.6 and So?? :=1, and the approximation to the posterior
distribution q(o?), which, for the current data realization, results in a
MAP estimate of E(q(0?)) ~ 0.15. The first subpanels on the right depicts
the globalized Newton algorithms iterations for the optimization of my,,
on the first iteration of the fixed-form variational Bayes-Newton algo-
rithm. Notably, the variational free energy F has a well-defined maximum
and this is reached after three iterations. Finally, the right-most subpanel
depicts the maximization of the variational free energy over iterations of
the fixed-form variational Bayes-Newton algorithm, which is achieved
effectively after two iterations. In summary, the ERP-DCM approach
discussed herein can naturally be extended to the recovery of condition-
specific effects. Given its extensive mathematical documentation,
targeting other parameters than those encoding effective connectivity
for the expression of condition-dependent ERP differences is readily pos-
sible. Of course, an affine-linear regression-type parameterization of con-
dition specific effects as in Eq. (88) is just one possible scenario, and
categorical ANOVA-type parameterization are readily conceivable.

Model comparison

One of the central features of the variational Bayes approach is that it
affords both posterior distribution and log marginal likelihood (“log
model evidence”) approximation. Upon convergence of a variational
Bayes algorithm, the posterior parameter distribution approximation
can be used for inferences about the probability of parameters to take
on values in parameter space, while the log marginal likelihood approx-
imation (an approximation to the probability of the observed data
under the model), can be used for model comparison. So far, we have
been concerned with the details and properties of the approximation
of the posterior distribution in terms of variational distributions and pri-
marily considered the variational free energy as an indicator of algorith-
mic convergence. In this section, we explicitly demonstrate how it can
be used for model comparison.

Inspired by a recent report that demonstrated evidence for a parallel
input architecture of the cortical somatosensory system using MEG and
the ERP-DCM SPM12 implementation (Klingner et al., 2015), we inves-
tigated if we can recover the true, but unknown, input architecture of a
two-source ERP model based on the comparison of variational free en-
ergy log marginal likelihood approximations. To this end, we simulated
data using the parameter set of Section 4.2 (see Supplementary Material
S3 for details) in two scenarios: firstly, assuming a “serial architecture,”
i.e. limiting the effect of the input function on the first source, and sec-
ondly, assuming a “parallel architecture,” i.e. allowing for an effect of
the input function on both sources (Fig. 12A). In parameterized form,
these scenarios correspond to setting the true, but unknown, input con-
nectivity vector CE R™ to ") := (1,0)"and C") := (1,1)", respectively.
We next analyzed realizations from both scenarios using two probabi-
listic models that are distinguished by their marginal (prior) distribu-
tions for the input connectivity vector as reported by Klingner et al.
(2015). Both models, which we denote by M; and M, have a prior ex-
pectation of M := ¥ := (0,0)" for C := (cy,c2)". However, they are
distinct in their prior covariances given by

3 3
M <18 1(?_3> and M .= (18 183>. 91)
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Model M; thus has an imprecise marginal prior for the input to the
first source and a precise marginal prior for the input to the second
source, while model M, has imprecise marginal priors for inputs to
both sources. Intuitively, under model M; a non-zero value of c; is
thus more likely than a non-zero value of ¢, while under model M, no
such bias exists.

The upper and lower panels of Fig. 12B depict the results of the cor-
responding model comparisons. For the upper panel, 16 data realiza-
tions based on the true, but unknown, parameter C(!) were obtained,
models M; and M fit to the data by approximating the variational dis-
tribution q(C) and q(0?) as described in previous sections, and the
final variational free energy assessed. For all realizations, model My,
which embeds a bias for a serial architecture, achieves a higher varia-
tional free energy than model M,, which embeds no such bias. In
other words, the true, but unknown, serial architecture underlying the
datarealization is correctly recovered. For the lower panel, 16 data real-
izations based on the true, but unknown, parameter C‘?) were obtained.
In this case, the model M,, which, in contrast to model M;, renders a par-
allel architecture not virtually impossible, assumes the higher variation-
al free energy values throughout. Again, the true, but unknown, parallel
architecture underlying the data realization is thus correctly recovered.
Finally, the upper and lower panels of Fig. 12C depict the average varia-
tional free energy evolution over iterations of the fixed-form variational
Bayes algorithm for both true, but unknown, scenarios and estimation
models. Notably, the differences in variational free energy observed in
Fig. 12B are not due to non-convergence of any of the algorithms, but
correspond to the final variational free energy values upon convergence.
In summary, the ERP-DCM approach discussed herein can be used for
model comparison and, for the scenario considered, performs reliably.

Application to real data

Finally, we were interested in the applicability of our approach to ex-
perimental data. To this end, we reconsidered the somatosensory
evoked potential (SEP) data reported in Fig. 3A of Ostwald et al.
(2012). In brief, these data were obtained using a standard electrical
stimulation protocol of the left-median nerve in a group of 15 partici-
pants (0.2 ms pulse duration, = 5 mA amplitude, 650 ms inter-
stimulus interval, = 5000 stimuli per participant) and recorded using
a 64-channel active electrode system (ActiveTwo, BioSemi) at 2048 Hz
with electrodes placed according to the extended 10-20 system. Data
processing using SPM8 (Litvak et al., 2011) included down-sampling
to 512 Hz, band-pass filtering at 1-40 Hz, eye-movement correction,
epoching from — 100 ms to 600 ms, and averaging. For full methodolog-
ical details, please refer to (Ostwald et al., 2012). Again inspired by the
work of Klingner et al. (2015), we here focus on the 0-100 ms time-
window of the resulting grand-mean SEP, which is shown in the left
subpanel of Fig. 13A in electrode x peri-stimulus time space. This
time-window includes an N20/P20 response and a stronger N45/P60
component, both primarily over contralateral electrodes (electrode
numbers 33-64). Like (Klingner et al., 2015) and as in our simulations
above, we model these data with a two-source dipole model, and
focus on the estimation of the input connectivity parameters C € R2.
All other neural parameters were set to their SPM default values, and
the parameters of the forward model corresponded to that used in
Ostwald et al. (2012) (see Supplementary Material S4 for details). As
in the previous section, we created two probabilistic models M; and
M, with prior expectations of uM := u¥ := (0,0)" for C:= (cy, )7 .
Again, we chose an imprecise marginal prior for the input to the first
source and a precise marginal prior for the input to the second source
for model M; and imprecise marginal priors for inputs to both sources
for model M, by setting

6 6
M (18 1(?4;) and 3M — (18 186>‘ (92)

The stylized connectivity architectures resulting from these prior
settings are visualized as inlets in the middle and right subpanels of
Fig. 13A, respectively. Estimating both models based on the experimen-
tal data using the fixed-form variational Bayes-Newton algorithm re-
sults in the converged variational approximations of the posterior
parameter distributions q(C) and g(o?) shown for both models in
Fig. 13B and C, respectively. In line with the highly precise prior for
the input connectivity parameter to the second source (S2) in model
M, the variational distribution is centered on O for ¢, and assumes a
non-zero value for ¢y, i.e., input to the first source, only. Complementa-
rily, the imprecise priors for both input connection parameters in M, re-
sult in variational distributions that assume non-zero values for both
parameters, with a larger value for input to the second source. Based
on the expectations of these variational distributions, the maximum-
a-posteriori predictions of models M; and M, are shown in the middle
and right-most subpanels of Fig. 13A. Visual comparison with the exper-
imental data shown in the left-most panel shows a better predictive cor-
respondence of model M,. In line with this result, the converged
variational distribution for model M, is centered on a smaller value for
the observation noise parameter o than for model M;, as shown in
Fig. 13C. Finally, comparing the variational free energy approximations
to the log marginal likelihood yields a higher value for model M,
reflecting the better data fit, which outscores the higher model flexibil-
ity given by the imprecise prior distribution of c,. Like (Klingner et al.,
2015), we may thus conclude that a parallel architecture of the somato-
sensory system is more supported by our grand-mean SEP data than a
serial architecture.

Discussion

In this note, we have reviewed the technical framework of ERP-DCM.
Further, we have modified the framework on a number of occasions,
most prominently with respect to the numerical optimization of the
variational free energy. Using low precision priors, we have shown
that the ensuing numerical implementation of the ERP-DCM estimation
algorithm is able to recover, true, but unknown, simulated model pa-
rameter values in a number of model scenarios. In addition, we consid-
ered aspects in the experimental applicability of the approach. In the
following we, elaborate on the technical modification we implemented
in our approach to ERP-DCM, consider some limitations of the current
framework, and finally point towards possible future developments
that may overcome these.

Our use of a conventional globalized Newton algorithm with
backtracking step-size selection for maximization of the variational
free energy function was motivated by the comprehensive technical lit-
erature on this approach. For example, in the limit of convex objective
functions, these and related approaches have theoretically established
convergence properties (Nocedal and Wright, 2006). With our ap-
proach we thus would like to emphasize that the fixed-form variational
Bayes approach condenses to a standard nonlinear optimization prob-
lem, which, given the novelty and rootedness of the approach in statis-
tical physics and probabilistic machine learning, is not necessarily
immediately clear. In other words, having formulated approximate
Bayesian inference in terms of optimizing variational free energy, one
is free to use any standard optimization scheme to minimize free energy
and implicitly maximize Bayesian model evidence. If we further assume
that the form of the posterior distribution is Gaussian, this leads to an
enormous simplification of the optimization and lends itself to the stan-
dard descent schemes of the sort that we have described. Importantly,
this was the basic idea behind the original introduction of the “Varia-
tional-Laplace” scheme proposed by Friston et al. (2007). Based on
this insight, future developments of approximate Bayesian estimation
techniques can thus follow a simple two-step procedure: firstly, the an-
alytical derivation of the model-specific variational free energy function
based on its functional form, and secondly, its numerical optimization
using a suitable nonlinear optimization routine. To this end, it is worth
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noting that the globalized Newton approach for the numerical optimiza-
tion of the variational free energy function employed herein is obviously
not without alternatives. While trust-region methods (Conn et al., 1987)
offer an unexplored alternative to the step-size selection procedures
employed here, larger progress may be afforded by the deployment of
constrained optimization algorithms which explicitly take into account
(positivity) constraints imposed on subsets of variational parameters
(Nocedal and Wright, 2006), by global optimization approaches (Thoai
et al., 2008), or by probabilistic numerics (Hennig et al., 2015) (see
(Lomakina et al,, 2015) for first developments in this direction in a relat-
ed model class). Finally, this theme also points towards an important
mathematical issue for the future development of the fixed-form varia-
tional Bayes method for nonlinear models: the mathematical properties
of the variational free energy objective function and the influence of ap-
proximations in its derivation for both its statistical validity and its
proneness to exhibiting local extrema (e.g. Wipf and Nagarajan, 2009).

The delay differential equation character of the neural dynamics
model in ERP-DCM is fundamental. It may well be the case that delay dif-
ferential equations represent an optimal compromise between ordinary
and partial differential equations for modeling the spatiotemporal dy-
namics of non-invasive neuroimaging signals (Jirsa, 2009; Pinotsis et al.,
2013). To this end, it would be a worthwhile endeavor to evaluate
the performance of the approximate integration approach currently
employed to standard approaches in the numerical treatment of delay dif-
ferential equation systems (in't Hout, 1996; Shampine and Thompson,
2001), also with respect to stability considerations (Erneux, 2009). Fur-
thermore, many aspects of the ERP-DCM framework rest on numerical
differentiation. The currently employed finite (forward) difference tech-
nique (Sengupta et al., 2014) may well be improved on, and state-of-the
art algorithmic-differentiation techniques offer a promising alternative
(Griewank and Walther, 2008). In our experimentation with the current
approach, we made the occasional observation that changing the forward
step-size of the numerical differentiation routine resulted in vastly differ-
ent performance of the fixed-form variational Bayes algorithm, which is of
course undesirable.

While these numerical developments will likely improve the robust-
ness of the ERP-DCM estimation framework, a more fundamental concern
pertains to its parameter identifiability. By parameter identifiability we
mean, intuitively, the property of a probabilistic model to generate differ-
ent probability distributions of its observed random variables given differ-
ent values of the parameters governing its unobserved random variables.
This issue is starting to be addressed in the application of DCM to fMRI
data (Arand et al,, 2015; Frassle et al.,, 2015), but its systematic investiga-
tion is outstanding for ERP-DCM, including our current modification. This
is particularly important, if maximum-a-posteriori parameter estimates

Appendix A

are being employed to test hypotheses about condition-specific connec-
tivity architectures (e.g. Auksztulewicz et al., 2012; Boly et al., 2011,
2012). Two principal strategies are conceivable in this regard. Firstly, we
believe that the neural dynamics model currently employed in ERP-
DCM could potentially be simplified without compromising its biological
plausibility by treating a number of parameters as fixed constants. For ex-
ample, Spiegler et al. (2010) have shown that upon reduction of the di-
mensionality of a single source's parameter space from 33 to 5, the
ensuing system can still display waxing and waning of alpha activity, ep-
ileptic spiking-like activity, and noise-driven REM-sleep like activity. To
our knowledge, similar theoretical analyses of multiple source ERP-DCM
models in the context of ERPs have not been performed yet and may
help to identify critical and unique parameter values for the expression
of biologically observed effects. Secondly and more pragmatically, empir-
ical applications of the ERP-DCM framework could be supplemented by
parameter-recovery simulations, or, more directly, by visualizations of
the variational free energy surface, affirming the uniqueness of parameter
estimates that are used for subsequent neurocognitive inferences. Finally,
we predict that questions of parameter identifiability will also play a cen-
tral role in ongoing efforts to establish construct validity for DCM based on
invasive electrophysiological recordings (e.g. David et al., 2008; Moran
et al., 2008, 20114, 2011b). While parameter identifiability as considered
here is a purely technical question (i.e. a parameter values may be unique-
ly identifiable without bearing any construct validity), ideally the param-
eters of biologically-plausible neuroimaging data would be both uniquely
identifiability and validated based on independent evidence.

In summary, a decade after its inception, the ERP-DCM framework
enjoys widespread empirical popularity and forms an important corner-
stone in the coalescence of computational neuroscience and non-
invasive functional neuroimaging. Many more ramifications of this
framework can be and are being explored, including its generalization
to stochastic dynamics (e.g. in the spirit of Daunizeau et al. (2009,
2012)) or its estimation using non-variational Bayesian methods, such
as MCMC (Chumbley et al., 2007; Sengupta et al., 2015). With the cur-
rent technical note we hope to ease the technical access to this promis-
ing methodology and contribute to its appreciation as a standard
probabilistic delay differential equation scheme for the modeling of
event-related electroencephalographic potentials.

Software note

The Matlab code implementing the approach and simulations of this
technical note is included as Supplementary Material S5 and available
for download from the corresponding author's webpage.

For the derivation of (77), we require the following property of expectations of multivariate random variables x € R? under normal distributions,

which we state without proof.
A.1. Normal expectation theorem

Forx, m,u€ R% 3 € R4 p.d. and A € R?*¢

<(x—m)TA(x—m)> (u—m)TA(u—m) + tr(A3S).

N(x:u.3) -

Proofs of (A1) can be found for example in Petersen et al. (2006) and in the references therein.
We are concerned with the variational free energy functional (76) for the following joint distribution:

p(y,6,0%) = p(y/6,0°)p(6,0°) = p(y|6,0%)p(6)p(0?),

where

p(yl6,0%) := N(y;h(8),0°I),p(6) := N(8; 5, ) and p(0?) := LN(0?; 2, Sor2)

(A2)

(A3)
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and the variational distributions

q(0) := N(0;mg,Sp) and q(0?) := IN(0% M2, S02). (A4)
Using the properties of the logarithm and the linearity of the integral, we first note that
p(y.6,0%)
dédo?
/ a0 < (6)g(0?)
- /q(@)q(oz) (Inp(y.6,0?)— Ing(6)— Ing(0?))dodo? (A5)
= /q( Vq(0?) Inp(y,6,0?%)dodo? —/q ) Ing(6)do— /q ) Inq(0?)do?,
where the last equality follows with [q(0?)do? = 1 and [q(6)d6 = 1. Of the remaining three integral terms, the latter two correspond to the differ-

ential entropy of a multivariate normal distribution and a log-normal distribution, both of which are well-known to correspond to nonlinear func-
tions of their variational parameters:

- /q(e) Inq(0)do = H(N(6; my, Sp)) = % In|Se| *% In (2me) (AB)
and
—/q ) Inq(0?)do? = H(LN(0?;my2,552)) = %+% In(2ms,2) 4+ M. (A7)

There thus remains the evaluation of the first integral term, which corresponds to the expectation of the log joint probability density of the ob-
served and unobserved random variables under the variational distribution of the unobserved random variables, which we denote using the bracket
notation for expectations (f(x)),, = [p(x)f(x)dx as

/q(@)q(oz) Inp(y,0,0?%)dodo? = ( Inp(y,9, 02)>q(6)q(02)' (A8)

Substitution of the functional form of p(y, 6, 0®) then results in:

(Inp(y.6,0%)) 02y = (IN(N(Y;h(6), 0 1n)N(O: kg, 20)LN(0%; 2, S02) ) ) igumy 5 n(0m, .5,
= (In(N(y;h(9), 0°I)) >N(9:mg‘Sg)LN(<72:m(,z o)
+ (In(NO: g, 36)))y(omy 50
+ < In (LN (02 JHo2 5 So2 ) ) >LN(02;m”z 5,2 )

= (n((@m o ™ exp( - 55 —hi6) =) >>N(9:mg.sg)m(uz;m‘,2 B

i < In ((211)*§|26|*% exp(— % (O—pp)"35 " (9_ﬂ0)> ) >N(0:m6_’56)
(

(n(@nson)H(0t) e (5 (0*h)’) ) )

+
_ <—g n2m— 2 Ino?— 2172 (y—h(s))T(y—h(e))>
+

IN(0%m 3 5,2)

N(8:mg,So)LN(02:m 2552 )

—Blnzn——ln\ze\ 2 0-1)"5 (0= )

2 N(B:mp S0)

2 2
( Ino _,u(,z)
o’ IN (Uz M2 552 )

1 _
7 In2m— g< ln02>”"("2?ma2 S2) 2 <(02) 1 >LN(<I2:mU2 S,2) <(y_h(e))T(y_h(e))>N(9:mo‘Sg)

2 In[So| — 5 {(0—p,) "%, " O~

1 2
1I127T§(,2 < Ino? >LN ozm, 5(,2)_ m<( ln()'Z_lJuz) >LN((72

+ <—% In216,,. — Ino? — 2;
n
2
_bp
2 N(6:mp.Sp)
1
T2

My 5p2)

There thus remain five different integral terms. We consider each of these in turn.

< 11‘1(72>[_N(02:m(,2 vsaz) (Il)
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In (I11) the random variable o is log-normally distributed with parameters m,,2 and s,,2, which implies that the logarithm of o2 is normally distrib-
uted with parameters m, and 2. It thus follows that the expectation of In o2 under LN(0?;my25,2) is given by:

(INO?) iy (2im , 5,,) = Mo (A10)

<(02)71>m(02:m02 52) (12)

The integral (12) corresponds to the first inverse moment of o> under LN(0%;mq2,5,2), such that with Supplementary Material S1:

» 1 1

<((72) >LN((IZ:mUz,sUz) = exp <(—1)m(,z +j(_1)25<’2) = exp<—m(,z +js(,2>. (A11)

" (o) (y—hO)nom,s) (13)
We have:

<(y—h<6>)Tw—h<6)>>N<9:mﬂ,se> = (Yy=y"h@)=h@)y + hORO) = yTy=2 hOm,s, + (HOTRO) (A12)

and are hence led to the evaluation of the expectation of a normal random variable 6 under the nonlinear transformation h. The apparent idea of the
ERP-DCM literature is to approximate the function h by a multivariate first-order Taylor expansion in order to evaluate the remaining expectations
(see (Chappell et al., 2009) for an explicit discussion of this approach). Denoting the Jacobian matrix of h evaluated at the variational expectation pa-
rameter m, by J"(m,) we thus write (Magnus, 1999):

h(6)=h(mg) + J" (mp) (6—my). (A13)

By replacing h(0) in the first expectation of the right-hand side of (A12) with the approximation (A13), we then obtain:
(BN 5= (1) + 1" (mg) 0=

(
h(my) +] mg) (<9 M) 6
h(mg) + J' (mg) (

h(
h(

) (A14)

(O)nomo.s) —

M) +Jh(me)(me—m9)
mp).

Further, replacing h(6) in the second expectation of the right-hand side of (A12) with the approximation (A13), we obtain

<h(9)Th(6)>N(6;mﬁ So)
= ( () -+ ) 0=me)) (h(m) + " (me) 0} )
N(0;my,S)
< . T (A15)
= ( h(mg)"h(mg) + 2h(mg)" J"(mg)(6—my) + (] (me)((’—me)> (J (me)(G—m9)>>N(6_ .
= h(my) " h(my) + 2h(mg)" /" (ma){(0—10) (gim, 5, + <(1"<me><6—me>)T(J“(me)w—me))>N(6_ o
Considering the first remaining expectations yields:
(O—=10))Nomy.50) = (OIN(omy.5,) —TMo = Mp—mmg = 0. (A16)
To evaluate the second remaining expectation, we first rewrite it as:
T
<(Jh(mg)(0—m(,)> (Jh(mg)(O—mg))>N(6;mﬁvse) = <(6_me)T]h(me)Tjh(me)(e_m")>N<g;m959) (A17)

and note that (6 — my)T € R! * PJ*(0)T € RP * " J(my) ER™ * P and (6 — m,) € RP * !, Application of the Normal expectation theorem (A1) then yields:

((O=ma)J" (mo)" () 0—110)) g 5, = (1o =0)" " (m0)" " (mg) (g —mg) + (" (o) (mo)S) = tr (" (mo) " (ma)Sy). (A18)
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We thus have

(h®"h®)  h(mg) h(ma) + tr(J" (mo)' ' (o), ). (A19)

N(6:my.Sy)
In summary, we obtain the following approximation for the integral (I3):
— T —
(o=h®) v—hen),
_ T
=Vy=2y" (W) om,s, + (OO 20
)

~y"y 2" h(my) + h(mg)" h(my) + tr(J* (my)" " (me)S5)
= (—h(mg))" (y=h(my)) + tr(J" (mq)" /" (mo)S).

T (O0-)"sy 01, (14)

N(6;my.Sp)

Using the Normal expectation theorem (A1), we have:

(0—po) 55" O—p)) = (0755 0075y =350+ 135 )

N(6;mg,Sp) NO:mo.S0)
<0T29 > 0;m _2#92; <0> N(6:mg,S) +,IJ,926 ll'le 21)
<26 S9> +m629 my— 2:“926 my +u929 Uy
= tr<26_159> + (mg—p)" 29 (my—Lty).
. - )
<( Ino ,u(ﬂ) >LN(UZ;mU2 ,S(lz) (15)

We have

2_ 2 _ 2\2 _ 2 2
<( Inor u(ﬂ) >LN(UZ:TI’IUZ S42) B <( Ing ) 2o IO+ i >LN(02;m02 S42)
2
- <( ln(fz) >LN("2:m(,z S42) o 1n02>LN("Z;mu2 S52) +“(2’2 (A22)

2
- <( lnaz) >LN(02:m 2.5, 2)—2H02m(2, +'u(2’2

The term {( lnaz)z)m(gz;m,g 5,2) corresponds to the expectation of the square of the normally distributed random variable In o2 under N(Ino?;my2,542)
and is thus given by:

22 2
<( Ino?) >m (orimps )~ Mo S (A23)
We thus obtain

2 2 2
=m Sz —2U oM
omps) o2 TS T Mo T o (A24)

2
=So2 + (m(ﬂ _:uaz) .

(oo,

Finally, concatenating the results we have obtained the following approximation of the variational free energy functional as a real-valued function
of the variational parameters (ref. Eq. (77) of the main text)

F(mg,Sa7 mUz,SUz) =

— 5 2= Gmas = 5 exp((—mga + 350 ) (9—hmn)—hmn) + er(J* oS (m)'S,)

2
1 1 _ 1 1
§1n2n—f In[Xo| — (r(%5"S0) + (mo—p)" 55" (mo—pty) ) — 5 215,52 — ,,z—ﬁ(saz + (Mg —pg)?)  (A25)
; In|Sp| + In(2me) +;+7 In(21842) + My2.
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Appendix B

Evaluation of the first partial derivative of F with respect to S, yields

0 1 1 0 T (me) T
35, Flmo.So Uz,soz)f—jexp( Moz + = s(ﬂ)as ( (mg)](mg)sg)

10 1 10
_ETsetr<2“ 59) 2, In|Sp|
1 1 T
== 5 (=M 50 ) Pma) " mo)— 555
+%S,;‘

(B1)

Setting this derivative to S, to zero and solving for S§* * ) then yields the update rule for the variational covariance parameter as follows:

iF(m S my, s(,z) = 04:»—% exp

1
= M-+ 352 )" ma) ")

( {;H)) 0@(5341))
_ 1 i
=357+ exp(fmuz +50 )Pma) T s

= (55" + (= 3 ) i)

__26

Supplementary data

(B2)

Supplementary data to this article can be found online at http://dx.doi.org/10.1016/j.neuroimage.2016.04.025.
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