Supplementary Material
S1. Probability distributions

In this section we summarize some basic properties of the multivariate normal distribution,
which is used many times in the development of the variational Bayesian treatment of ERP-DCM,
and the log-normal distribution, which is used as marginal distribution of the error variance
parameter in our formulation.
The multivariate normal distribution

For a random vector x € R%, the multivariate normal distribution is defined by means of
the probability density function

a 1
NG D) = Cmals Fexp (=3 (= "2 - ) @
where || denotes the matrix determinant. The vector u € R? and the positive-definite matrix £ €
R%*? are referred to as expectation and covariance parameters of the multivariate normal
distribution and correspond to its first moment (expectation) and second-order central moment
(covariance). The entropy of the multivariate normal distribution is given in terms of the covariance
parameter as
H(N(x; X)) = %ln |Z] + gln(Zne). (@)

The log-normal distribution

For a scalar random variable x taking on strictly positive values the log-normal distribution
(Johnson, Kotz, & Balakrishnan, 1994) is defined by means of the probability density function

LN (x; u,02) = (27‘[0‘2)_%36_1 exp (—% (Inx — /1)2) : (3)

The parameters 4 € R and o2 > 0 are commonly referred to as log-scale and shape parameters,
respectively. The expectation and variance of x are given in terms of the parameters by

E(x) = exp (,u + %02) and V(x) = exp(c? — 1) exp(2u + 02), 4)
for s € Z, the sth moment of x is given by
E(x%) = exp (su +%5202), (5)
and its entropy is given by

H(LN(x; 1, 02)) = §+ %ln(Znaz) +u (6)



The log-normal distribution is defined such, that if the random variable x is distributed according
to LN (x; u, o), then the random variable In x is distributed according to the normal distribution

N(n(x); pu, 2.
S2. Univariate delay differential equation conversion

To make the discussion of the conversion of delay differential equations to ordinary
differential equations more transparent, we here consider the case of scalar-valued functions

x:R-o>Rtex(t)andp:R - R x - ¢(x) (1)
defining the one-dimensional delay differential equation
1) = p(x(t - 1)) (2

with a given delay parameter 7 € R. To approximate (1) by an ordinary differential equation, we
consider a first-order Taylor approximation of the concatenated function

(pox)(®):R >Rt - (¢ o)) = p(x(1). (3)

A first-order Taylor approximation of ¢ o x at t — t with expansion point t is given by
o(x(t = 1) = 9(x(®) - ($0(x®)) 7 = 0(x®) - (L0 () 2x®)r @

where the equality follows with the chain rule of differentiation. With (2), we thus have
(1) ~ p(x(®) — T2 (x(0))x(t) (5)

By treating the approximation in (5) as equality and rearranging, we obtain

d d -1
() (1 + Tago(x(t))) = o(x(®) = #(t) = (1 + Tafp(x(t))> o(x(D). (6)

By defining
0= (1+120(x®)) (7)
we can express (6) succinctly as
() = Qo (x(D) (8)
Finally, by defining
Y:iR->Rx e P(x)=Q o) (9)
we have approximated the delay differential equation (2) by the ordinary differential equation
x() = P(x(t)). (10)



S3. Simulation Parameter Values

The parameter values of the table below were used for the simulation of the data discussed
in Sections 4.2 and 4.3.

Interpretation Parameter Value

Input function parameters p = (0.16,-0.22)T

Activation function parameters s = (—0.0009,0.08)T

Forward Connectivity AF = (2 8)

Backward Connectivity AB = (8 8)

Lateral Connectivity AL = (8 8)

Input connectivity C = (1,007

Excitatory Time Constants 7o = (0.16,0.07)7T

Inhibitory Time Constants Ti = (0.13,-0.82)7

Excitatory Receptor Density H,, = (-0.11,0.02)T

Inhibitory Receptor Density H;, = (=0.07,—-0.17)7T

Intrinsic Coupling y = (—0.02,-0.07,0.18,-0.17)T
Between-source delays A= (_8 ; _0652)

Dipole Positions 6, = (42,—31,58,54,-22,18)"
Dipole Moments 6, = (0.02,-0.05,—-0.04,0.17,—0.50, -0.17)7
Neural State Projection 8; = (—0.1,0,0,0,0,0,—0.46,0,1)



S4. Experimental Data Application Parameter Values

The parameter values of the table below were used for in the analysis of the experimental
data reported in Section 4.3.

Interpretation Parameter Value

Input function parameters p = (0,07

Activation function parameters s = (0,0)T

Forward Connectivity AF = (2 8)

Backward Connectivity AB = (8 é)

Lateral Connectivity AL = (8 8)

Excitatory Time Constants Tor = (0,007

Inhibitory Time Constants T = (0,007

Excitatory Receptor Density H,, = (0,0)T

Inhibitory Receptor Density H;, = (0,0)T

Intrinsic Coupling vy = (0,0,0,0)T
Between-source delays A= (8 8)

Dipole Positions 6, = (42,—31,58,54,-22,18)"
Dipole Moments 6, = (10.6,—5.7,5.4,20.7,—24.5,-3.6)"
Neural State Projection 8; = (—0.29,0,0,0,0,0, —0.04,0,1)



S5. Matlab Code

PDDE_1.m — Forward model and delay parameter matrix visualization (Figures 1 and 2)

function pdde_1_R1

% This function visualizes basic aspects of the ERP-OCH latent and
% forvard model

% Copyright (C) Dirk Ostwald

cle
close a

% invoke Fieldtrip

e(pwd, )

I Model Formulation

% neural model structure and paraneters

¥ structural aspects and fixed parancters

nrr spn_fx_erp; # neural evolution function
nfons < bir

n_f.dt 0.001; ooy

m_f.pst 0:m_f.ns-: 1)""- f.dt; peristinulus tlrrc (msec)

m_f.nt pst; % number of time points

nfn % number of neural mass:

nfn % nuriber of neural states per neural mass

m_f.ons % put onset (ms)

n_f.dur % idth) of the input function

nfx Ln_f.m; % initial conditio

nfR % input function parameters rho_L and rho_2

nf.s % static nonlinearity (activation function) paraneters
nrT 0.07 -0.82]; % d tine constants
nrG 0202 -063]} % source-speci receotor der
nrH 0118 -0.17]} % ndependent intrinsic connectivity paraneters
m_f.0 -0.06 0 1: % between source delay parameters

nf.AQY % forvard _comnectivity

nf.AR) % backvard comnectivity

n_ A3} % lateral connectivity

nr.c % input connectivity

% forvard model structure and paraneters

% loag an existing diole model
d(fullfile(cd

toad(ful ct.mat"))

m_g.vol % forvard model spe

m_g.sens & Sencor space specitication
m_g.el % electrode labels

m_g.ne % nunber of electrodes

m_g.x0 % confound design matrix

m_g.Lpos. ig]"; % dipole coordinate specifications
mg.L 0. 02 2008 ~0.04; 047 -0.50 0. 1737 % dipole moment specification
mg.J =[-0.100000 -0.46 0 1]; % state weighting specification

% Visualization

% canonical dipole

% define parancters
pos

ng-LpesC: J) % NI posi ates

mom [1 % NI honent coordinates
mf ae1: % magnifying factor for dipole monent
mfnane [pwd, “\Data\SIi\cortex_5124.surf.gii"1; % cortical mesh fi

StructoiTei (nfnane)): % load cortical mesh using gifti and Gxmitree methods and convert to structure
m = rfield(n, “nat"): % renove mat field for patch functionality
Subplot(2,3,1)
patch(m “fasecolor:, [.5 5 .51, “EdgeColar-. “rones.*FaceLighting: ivisibler. won". Tacealpha’, 0.1 % plot mesh

“NarkerSize®,2, “NarkerFaceColor plot dipole locatio

plotl(nos(l) Ws(z) 1pos(3).
g (mom: cmwmcnl axis prujccnun of the dipole moment

i vera(pns(i) POS(2),Pos(3),pro(L.3) . pro2.3).pro3.i), b= " .2, *ShowArrowHead®, "off*); % plot axis projeci

iver3(pos(1),pos(2) .pos(3) . mFmom(1) .mF=mon(2) ,nf*mom(3), "b-,
on

.2, "ShowArroutiead", "off")

# plot moment

L

. *Fonthane*, “Calibri

ylabelC:y: [ “Fonthane: “Calibri Light: [ “FontSize! 22)

zlabel("z; “Fonthane:. Calibri Light:, “Rotation: ;0. Fontsize". 22)
eCgca, -Fonthane-, ~Calibri Lighte. -FontSize:. 16)

Viendiiis 101

ht*, “FontSize*, 22)

% nunber of dipoles
% nunber of electro

% dipole coordinates nﬂju<tcﬂ for fietdtrip
% compute canonical e eld using Fi

.i) = ft_compute_leadfield(dp

Li)", m_g.sens, m_g.vol):

—_can = L_can*(10"1)"-round(logl0(max(max(max(abs(L_can))))/8)/1); % rescale lead-field according to SPM
subplot(2,3,2)
G

)
13, xticktabel (0 2
e “FontSize*, 26
gnt"

% prepare fieldtrip paraneter structure fields for plot data

dat.avg
cfg.layout % prepare fieldtrip paraneter structure fields for plot layout

_prepare_layout(cfg.dat):

10ad([pud, “\Data\SIM\coords 338 elecs.nat™1); % obtain correct channel locations for fieldtrip
for 1 = 1 tength(dat. label); % match the labels in the of the current data
12nat(dat. iabel (n,2));

strmatch(actelec Layout Labels, “exact’):

i
X(ny
¥(n) = Layout.Coords(ind.2)}

en
lay.pos(1:64,:)
scales

ay.pos(1: length(dat. label), :) % specify spatial scaling of the plot
y width

lay_height
cfg-layout
cfg.interactive

cfo:styte

Subplor(z s
Tt toWVlotER(cfﬂ. dat); % topoplot

& latent variable evoluf

m evaluate tatent data

0;
[f theta rul = erp_f(n_f, theta)
heta _theta_f n

d-1):

% time index for plotti
suhpln((Z 3,4) m ize
[ Plotyy(n_f.pst,n_g.J*f_theta_f_s1*,n_f.pst,f_theta_f_s1);

set(ax(1), *Fonthane®,
set(ex(@), “rontiare -
Tine([n_f.pst(:
yhabel oLt Fantia

Xlabol (-Tine fs1- “Fontane- s -Ca

bri Light®,

% actual dipole

% define parameters
P L

os ng % NI position coordinates
mom ng % NI moment coordinates
" = %e2; % ma for dipole monent
mfnane [pwd, “\Data\SIi\cortex_5124.surf. % cortical mesh filenane

struct(gifti(nfnane)); % load cortical mesh using Ggifti and Oxmitree methods and convert to structure
n rnfield(n, “nat’); % renove mat field for patch functiona
Subplot(2.3.5)

patch(m *facecolor®, [.5 .5 .5], "EdgeColor®, “none","FaceLighting®,"gouraud®, on®, *facealpha®, 0.1); % plot mesh
pla(ﬁ(pns(]) pas(2) IpoS(3), ‘bo*, “MarkerSize*,2, “MarkerFaceColor*, *b*);

mfdia % canonical axis projection of the dipole moment
T

Quiver3(pos(1).pos(2) ,pos(3).pro(1.§).pro(2,4).pro(3.4). b ", “Linelidth®,2, *ShowArrostiead®, "off); % plot axis projections
end
GUIVEr3(pos(1).pos(2).poS(). mFmon(L). mFmon(2). mmon(3). *b- .

neiidth,2, "Showarroutead®, *off*):% plot moment

axis tight
xlabel(*x*, *Fonthame®, "Calibri Light", *FontSize*, 22)



ylabel "y, *Fonthane®, “Cal e, 22)

Zlabel ("2, “FontName®, *Calibri Light", .0, *Fontsize*, 22)
set(gea, “FontNane*, “Calibri Light", “FontSize®, 16)

view([41 141)

% plot actual topology

NaN(ne,nd);
1:nd

e
Ft_prepare. Iayau((cfg dat);
Toad(Ipud, “\Data\SHi\coords 338 clecs.nat
forn % Itengen(dat. tabel
ctelec = cel Iznat(dat. iabel(n.:)):
strmatch(actelec. Layout_Labels, “exact);
)

fay. posi: length(dat. tsbel). :)

lay | helgh(

cfg-layout

cfg. interactive

cfg.style

cfg.comment

Subplot(z,3.6)
Ft_topoplotER(cfg, dat):

% renove Fieldtrip

W
rmpath(genpath(ful Iile(pud, atripT)))
end

% Subfunct

ns

W
function [h_theta_fg] = erp_h(n_f.n_g.theta)

& This function evaluates the expectation paraneter generating function

% h : (theta f.theta g) |-> h(theta f.theta_g) := vec(g(theta_g)*F(theta f)

% of the delay differential equation model for ERPs

m. Inputs

m. nf : latent neural model structure
5 mg forvard model structure

% theta model paraneters

W

m. outputs

m. h_theta_fg : evaluated function

% Copyright (C) Dirk Ostwald

# svatuate cb"puncn( functions € and o
[f_thet: ul ta);

j_theta_ § erp g(m:g)
% evaluate concatenated function h
h_theta_fg = led*spn_vec(g_theta_g*f_theta_f");
end

function [f_theta f,u] = erp_f(n_f,vartheta)

on integrates the neural evolution fun of the delay
a1 equation model for e hased on s generp.n
ribu n paraneter setting this function
" input time- course and Cintegrates the resulting detay
% dlfferentlal equation syste

%

W

W

%

W Inputs
% m_ latent neural model structure and fixed paraneters
% theta : free latent neural model parameter
m. outputs
m. f_theta f  : evaluated latent neural model

u evaluated system input function

% Copyright (C) Dirk Ostwald

W constant paraneters
eta. R

theta.A{1}
theta.A{2}
theta A{3}
theta_C

theta.
theta.C(2)

W free parareters
c() vartheta(1);
vartheta(2)

% evaluate peri-stinulus ting Input function
t ((1:m_f.ns)*n_f.d)*1000;

detay AT one(1y 125 theta (L. 1)
scale m_f.dur (1)* exp(theta R(12)3;
u = 32%exp(~(t - delay). 2/ (2*6calen2))";

% integrate systen
x

x
T

dt “dt

[fx.dfdx,D] u(l) theta,n_f) :

P I(elg(full(dfdx)))))

N i (max(l t"

n spn_length:

Q Gon e exD'ﬂ(dt"D"dfdx/N) - speye(n.n))*spn_inv(dfdx)

v spn,

y = RaNClengthavy. Tengthu)

% cycle over time-steps
for i = 1:size(u.1)

% update dx = (expn(dt=) - D*INVE)* (L)
for j

V' QMF(v Ui theta,n_f);

W transpose
f_theta_f

end

function [f,,0] = spn_fx_erp(x,u,P.l)

# state equations for a neural mess model of erps
% FORMAT [f,J,D] = spm_fx_erp(x,u,P. M)

& FORIAT FFoi ) © Shn b erpGanp iy
% FORWAT [f] = spr_berp(x.u.P.i)
% x

y stetlate cells)

§OED e E G e depota
% 5) - current (pyramidal cells) depolarizing
a

nterneurons) depolari
% x(:.9) - voltage (pyranidal cells)

f - dx()/dt = FOx(D)
I - 4f(O/dx()
%D - delay operator dx(D)/dt = F(x(t - d))
4 = D Fx(B)

% Prior fixed paraneter scaling [Defaults]
W

« prepare fieldtrip paraneter structure

¢ evaluate channel predictions based on dipole monents

evaluate g(\theta_g)

¢ evaluate data

prepare fieldtrip paraneter structure fields for plot data

1ds for plot layout

correct channel locations for fieldtri
matehthe. abelo. n the of the curvent NEES object

specify spatial scaling of the plot

¢ topoplot

ond
on Ivandle gspw T erp

dx(()/d( and 38000

1o 4t/ and check for delay operator

W
W

m e state
% initialize state tire-course

% N.pF.E = [32 16 4 § extrinste rates (foruard. backiard, lateral)
% NLpF.H = [1 4/5 174 1/4]*128;

% M.pF

% N.pF

% N.pF

% M.pF # paraneter of static nonlinea

% David 0, K3 (2003) A neural mass nodel for NEG/EEG: coupling and
W neuronai dynanics. Neurolnage 20 1748-1755

%
% Copyright (C) 2005 VieTlcone Trust Centre for Neuroimaging

% get dimensions and configure state variables

Tength(P.A{1}): % nunber of sources
x = spn_unvec(x M. x): % neuronal states

& [default]

ed paraneters

E = [0 1/2 1/8]*3;

% extr

rates (forward, backward, lateral)



[1 4/5 1/4 1/4]*128
[2 161

n4zo0

[432]%
[8 16]: naptic constants (ex atory, inhi
= [2 1/3: % Dara'm:tcrs of static nonlinearity

% test for free paraneters on intrinsic connections

G.*exp(P.H):

G
G ones(n, 1)*G:

I transforns to foster parameter identifiability

% no_exponenti
W

ALy PLACLECL):
A2y PLAZYE():
A3y PLABIE(D:
c =P.C;

y and paraneters

w e < canstans
e

Hi H(Z)"exp(P 5( 2))

% pre-synaptic inputs: s(V)

I eeCRO G - R 17+ e GO

% exogenous input

v = cruC)*2:

W State: (x)

# voltage change (spiny stellate colls)
% pos volt:

% nega
% current change sy
% current change (pyras
% current change (pyras
voltage
current change(inhibitory
voltage (pyramidal cells)

DIRG9+ V) IR - D e
-3¢ 19) - 2%(:,5) L X(:.2)./Te)./Te
I B SR o S It

S4)*SCLT) -

nterneurons)

7)./Te)./Te

& vectorize
T = spn_vec(f);

% avoid
if nargout < 2

te recursion of spr_diff

end

% Jacobian

3= Spr_difFQLFLx,u P

& delays

% Delay rential equations can be integrated efficiently (bu
% Seproxinatelyy by abdoroing the. detay porater INCS the Jacontan

& axosae

% Ao
%3 = QCd)df/cx

D(2) . *exp(P.D)/1000;
0(1971000;

G ey moe:
a 9.9))_*
krnn(cmes(!) 4).00);
1 5peyehn

m. Delay paraneter matrix Visualization

% ERP-DCM ordering

size(D,1); % nunber of neural state variables
re-ordered intrinsic delays

% re-ordered ext

% re-ordered conl

% re-ordere

=

mn(sv@ D o=
end

.0 0.011)

colorbar
set(gea, “FontSize®,20, “FontNane®, *Calibri

ght*)

subplot(1,3,2)
inagesc(rope, [0 0.011)
square

of f
cotorbar
set(gea, “FontSize*,20, “Fontiare®, Cali

ght*)

Subplot(1.3.3)
jesc(roD, [0 0.01])
square

axis off
colorbar

set(gca, “FontSize*,20, "Fontiare®, Cali
pause.

Light*)

& Inplement: dx(t)/dt = F(x(t INV(L + D.*AFAO*F(X(L))
m. = Qf = O'J'X(t)

Q = spn_inv(speye(length(3)) + D.*J

n [o_theta g] = erp_g(n_o)

% This function evaluates the EEG forvard modst of the delay differential
% equation model for ERPs based on a structural fornulati the forward
% model and paraneter setting

% Inputs
% X EEG forvard model Structure and fixed parancters
% theta  : EEG le Id free paraneter:

% outputs
m. g theta g : evaluated EEG forvard model

% Copyright () Dirk Ostwa
M

% constant paraneters
theta.Lpos

% evaluate constants
st

nd e(theta.L,2) % nunber of dipoles
ne _g.sens.chanpos, 1) % nunber of electrodes
dp S theta Lpos i % dipole coordinates adjusted for fieldtrip

% compute canonical
Lcan = NaN(ne,3,nd);
for i = 1:nd
L_can(
a

ole lead-field u

1atrip

) = ft_compute_leadfield(dp m_g.sens, m_g.vol);

% rescale lead-field according to
=L can“(w’\l) rnund(lww(max(max(max(ahs(L can)))/8)/1):

% evaluate channel predictions based on dipole moments
p = NaN(ne,nd):

for i = 1o
Ldip(:,i) = Lcan(:, 2, D theta.L(:,);
a

% cvaluatc g(\theta_g)
g thetag = [1:

& theta'g = [g_theta g kronCtheta.d,L_dipC:. i1
end
end



PDDE_2.m — First toy model (Figures 3 and 4)

function pdde_2_R1
& This function inplements the estimation of an ERP-DCM toy exanple.

% Copyright (C) Dirk Ostwald

e an
Strean = RandStrean.getGlobalStrean; reset(strean);

1D paraneter space & variance known model

% set the randon nunber generator for reproducible restults

h @(theta,f) h_fun(theta_f % function handle n R ->RM™M
theta & rue, e unknowr\ uaraw eter
signa - % true. knoun, variance parameter
b Ieng(h((he(a) W numbar of parancters
h_theta nG % evaluate h
y = mvnrnd(h theta,signa*eye(length(h_theta)))": % sample data for all simulations
% Estination of variational variance
% prior paraneter st
% prior paraneter set
% csti'“atc variational variance
% Sct estimated variati unal Cxpcctat on to prior parameter
m_thet
Stheta firigess
% cvaluatc the variational variance update cquatlun for the current choice of m_theta
Jh_m_ spm_diff(h,m_thet:
s,theta,upﬂate 1/(((1/s|wma)“(lh m theta"‘Jh m_theta)) + (1/sig_theta).
% evaluate variational free energy before and after s_theta update
VFE 1 arg.y
VFE 1 arg.
VFE_1_arg.mu_theta
VFE_1_arg.sig_theta
VFE_1_arg.signa signa;
VFE s theta(1) VFE_1(n_theta,s_theta,vFE_1 arg):
VFEZs theta(2) VFE_1(n_theta s _theta Update ,vE_1_arg):
% visualization
fi figure;
set(fig, “Color”, [11 1])
the data,function h, and WAP fit
suhDIDt(Z 3.1)
] t(l 10, h_theta)
plox “ko", “MarkerSize®, 6)
Do XL trentsizer. 26, Feniianer, catiori Light")
ind[0 1) o
et(goa. “FontSize®, 20, “FontName®, *Calibri Light")
% plot vai nal free energy descent
m_min_full -0.2;
0.2
1e2;
Finspace(m_min_full,m_max_full,m_res_full)
lo-6.
2!
Tinspace(s_nin_full,s_nax_full,s_res_full);
% arrray ation
VFE_S_m_{ theta = NaN(length(s_space_full),length(m_space_full));
4 cyete over variational expectation space
for engthGe space.TulT)
for jEh(n_space_fu
vFE,erLthet (i.0) = VFE_1(m_space_full(§).s_space_full(i),vFE_1 arg):
end
end
subptor(2,3.2)
old
surf(m space_ful s_space_full, -vFE_s m_theta, "EdgeColor®, “None™)
alpha(.6)
t:(([mu theta mu the(ﬂ] [s_theta s_theta_update], -vFE_s_theta, “ko--", “MarkerFaceColor-, . “MarkersSize®, 10)
Xtin(En_nin_full
<min_full s
Ut s el
\theta®, “Fontsize®, 26, “Fonthane®, “Ca
Ylabel( \thcta”Z' 'Funts ze™, 26, 'FuntNa'm: . 0)
xl el (¢ ze”, *Font alibri
ot Fontorse . 18, “Fontanc .
vlew([ 136 361y
% evaluate the free energy as a function of the variational variance prior
% prior variational ve nce parameter settings
sig theta all - [1e-5 1.4 163]:
% plotting colors
scols =4 Ml 5
% cycle over variance parameter settings
for's < 1:3
¥ defire current prior/rarginal parancters
mu I_theta
thet S g_theta_all(s):
e
Tres
=
_thet
VFE 1 al'g mu theta
g.s
% arrray zation
VFEs. theta. = Nal(1. Tength(s_space)):
% cycle over variational expectation space
s
VFE_s_theta(i) = vFE_1(m_theta,s_space(i),vFE_1_arg);
% evaluate the variational variance update equation for the current choice of n_theta
Jh_m_theta = spn_diff(h,m_tt O H
s_theta_update 1/(((1/signa)*(Ih_n_theta**Jh_m_theta)) + (1/sig_theta)):
F_s_theta_ uDﬂate VFE_1(n_theta,s_theta_update,vFE_1_arg]
4 visualization of analytical estination
plot free energy as function of the variational variance, and its update
suhDIDt(Z 3.3)
hold o
Tinese) = plot(s. space . wFEs theta . Color, scol(sh):
plot(s_theta_update. S“theta_update , ko, “liarkerSize®, 10, “NarkerFaceColor, scols{s})
end
in s m
5_\theta"2", "FontSize®, 26, "FontName-, 'Callbrl quht )
abel(E, Fonsizer, 26, ofate, cal .,
Tegend(1 O agra Athotans = 10N A \HgtaERGEAND © JONC55 " Asigna \thetar? = 10°(3)", “Loca “NorthEast™)

SotCgca, “Fontsizes. 20, Fontanes, “Chtibri Lights)

Estination of variational mean

nal mean for theta only\n")

h Hessian nodification paraneters

delta
c

% model estimation - iteration arrays

m_theta_n NaN(p,max_iter):
@ n -

i n

tin NaN(1,max_iter);

% model estimation - iteration 0

n_theta_n(1) = nu_theta.
It = Spr.itrin,n_theta,1):
= 1/(((1/signay*(Ih_n_theta"*In_s

s_theta 1_theta)) + (1/si:

or paraneter set
Prior parancter setti

0s
0s

n modification constant delta
backtracking constant c
backtracking constant rho

maxinal nunber of iterations

variational expectation paraneter
ariational free energy
Nt of the variational free energy wrt m_theta
Hessian of the variational free energy wrt m_theta
backtracking step size

1 of the
cvaluate conotant variational
'ta)

tional paraneters to prior parancters
vari
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% evaluation of the variational free energy, its gradient and Hessian
VFE_1_arg.y vi
VFE_1_arg.h

“arg.nu_theta
arg.sig_theta

= VR theta _n(1).s_theta, vFE_1_a
Tuli(spi cat(spn Qi F(O(n theta) UkE 1(n_theta,s_theta,vFE 1 ara), n_theta n(1),1))):
Tull(spn_cat(spn_diFF(3(n_theta) VFE_1(n_theta,s_theta,vFE 1 arg), n_theta n(1).[1 11)));

dF_n(1)
ddF_n(1)

% Newton iterations 1,2,3,...

for i = 2:max_iter
% backtracking Newton line search with Hess ation for
% variational expectation
fprintf(*Fixed-forn VB Newton Iteration %4.0f \n", i-1)
% Newton search direction
p_i ~ddF_n(i-D\F_n(i-1);
cation if p_i is not a descent direction
-1) < 0)

% disgonal Hessian moditication based on spectral decanpos

ddF_n(i-1) = ddF_n(i-1) + max(0, (del inCeig(ddF_n(| 1)))))"2‘/2(1-7)

% re-evaluate Newton search direction

[X = -ddF_n(i-1\dF_n(i-1
end
% backtracking evaluation of the step length
tinGi-1) = f_backtrack_vFE_1(n_theta_n(i-1), s_theta, VFE_1 arg, dF_n(i-1), p_i. c, rho);
# porforn Newton update
m_theta_n(i) m_theta_n(i-1) + t

- TulT(spr cat(spn. QFFRCOQN theta) VFE A(r._theta. s theta.vEE 1arg), ntheta n(id, 1))
ddF_n( full (spr_cat(spn_diff(a(n_theta) VFE_1(n_theta,s t £ 1_arg), m_theta_n(i).[1 11))):

end

% plot the the MAP fit

h_m_theta WAP = h(n_theta_n(end)):
D)

AP, )
Tegend("h(\theta)*, “y*, 'h(\(heta QIAPY)", “Location®, “Northilest*)

ize Newton descent on variational free energy surface

2.4}
102!
nspace(n_min_full,n_nax_full,m_res_full);
= Te-5;
e~

e:
nspace(s_n

n_full,s_nax_full,s_res_full);

& arrray ation
VFE_s_n_theta = NaN(length(s_space_full), length(n_space_ful1)):

% cyete over variational expectation space
for i = 1:length(s_space_full)
Tor § = 1016ngEncn. space. Ful
VFE

7J(mispaceifu

. s_space_fu

(i).VFE_1_arg);

subplot(2,3,4)
hold on

surf(m space_fu

. s_space_fu

. -VFE_s_m_theta, “EdgeColor®, None)

“MarkerFaceColor®, "k*, “Narker:

nlotz(m theta s theta"unes(lenwth(m theta_n)), -F_n, “ko-
n_ful

i full 5 nax full])
Vil w([1w priy

grid

tcgca, “Yoir®, “normal®)
xlebet(n \theta . “Fontsize". 26, “Fontane®.
ylabel(*s \theta? 7o, 26, Fontianc
Tabel 2, Eonesizer 36,  -Eontugner- -Caltbr
Setigea, “Fontsise-, 20, Fonthane-

% plot free energy and derivatives as function of va

nal expectation

slltheta alt = [le-3 1.4e-3]; r paraneter sett
mu_thet =0: % brior parancter settings

for s = 1:length(sig_theta_all)

% set prior paraneters
VFE_1_arg.mu_theta
v i theta  C g thera ali():

% evaluate constant varia

onal variance

In_n_theta \_diff(h,n_theta,1);
st 1/(((J/sugma)-(_m n_theta**Jh_n_theta)) + (1/sig_theta));
m_min

m_max e

m_res

m_space \Space(n_min, m_max,n_res);

% arrray

VFE_m_theta Nal(1, length(r_space)):

dvFE_n_theta_n NaN(1, length(m_space))

ddvFE_m_theta_n = NaN(1, length(m_space)):

% cyete over variational expectation space
1:length(n_space)

o thetacty = VFE_1(n_space(i).

AvFE_n_theta_n(i (spn_cat(spn_ ¢

ddvFE_m_theta_n(i) = ful I (spn_cat(spn_c

heta,VFE_1_an
B thetay VFE_1(n_theta,s_theta, vEE_
(8(n_theta) VFE_1(n_theta,s_theta,vFE_]

_arg), m_space(i
_arg), m_space(i

).1)));
INERIHE

& visualize
subplot(2,3,5+5-1)
hold on

plot(n_space,
plot(n_space,

VFE_m_theta .
AUFE T theta n .

(n_space))
e, 26, “Fontiane
theta n)])

Location”, “NortnEast: )

ontsisers 20, *Fontane: ey
en

return

% Estination of variational mean & variance

Fprintf(*Joint estination of variational variance and mean for thetawn®)

% prior fornulation

mu_theta =0; % prior parameter settings
sig_theta 1e3; W brior harancter sett
P Tength(nu_theta); % nunber of paraneters

% fixed-form variational Bayes Newton algorithn paraneters

T
# maxinal nunber of Newton Iterations for m_theta opt
sqr((Z"eps) % Hessian modification constant delta
c 4 backtrackang constant ¢
rho ] % backtracking constant rho

% model estimation - iteration arrays

m_theta, = NaN(1,max
NaN(1,max
= NaN(Limax

% variational expectation paranster
ter

& Variational free enerdy

% model estimation - iteration 0

Fprintf(*Fixed-forn V8 Newton Iteration %4.0F \n*,

D

% analytical update of variational variance parancter

% evaluate the nal variance update equation for the current choice of n_theta
intr(t Estmatmg a(n_t (heta) variance
theta n_theta_i

(i-1),1); -
theta*~Jn_m_theta)) + (1/s

S_theta_i(i) Sy oon ) theta));

fprintf(” shed. \n")

% evaluation of the variational free function deriva

o = full (spm_cat(spn_diFF(8(n_theta) VFE_1(n_theta,s_theta_i(i),vFE_1 arg), n_theta |

ddF = full(spm_cat(spn_diff(3(n_theta) VFE_1(n_theta,s_theta_i(i),vFE_1_arg), m_theta_i(i 1) [1 1])))

% Newton iterations 1,2,3,




fprintf("  Estimating q(m_theta) expectation bl

e n_theta
m_theta, m_ther

-1):

% iterations
v

e Search with Hessian modification for

ng Newton |

% backtrac)
v nal expectation

% Newton search direction
] -ddF\dF;

& Hessian
~(

not a descent.

modifica
*dF < 0)

% diagonal Hessian modificati
ddF = ddF + max(0, (delta -

7 Dased on spectral deconposition

% re-evaluate Newton search
P = -ddRdF;

end

# backeracking svalustion of the step length
tj = f_backtrack vFE_1(n_theta, s_thet:

(i), VFE_1 arg, dF, p_j, ¢, rho);
% perforn Newton update
m_theta = m_theta + t_i*p_j

fevaluate negative variational free energy an its derivatives
=t n_theta) VFE_1(n_theta,s_theta_i(i),VFE 1 arg), m_theta,1)));
T ot o I T (b thetay VFE LGN theta. - theta i (13 vrE 1-argy, n-thera, [ 1199

ddF

end
fprintf(-finished. \n")

# record n_theta and variational free energy update
theta i(i) =

Z U 1(m theta_

). s_theta_i

). VFE_1 arg):
end

& visualization

fig = figure;
set(fig, “Cofor®, [1 1 11)

zation of prior and approximated posterior over theta

ta)
theta_space = Ilnspace(theta min, theta_max, theta_res):

subplot(2,3,1)
old on

a®, *Fontsize", 26, "FontName®, *Calibri Light)
et JoCeis)3
Sotlax, “FontSizar. 20, ‘Fonthane", “Calibri Light")

% Visualizat

L_full,m_nax_full,m_res_full);

_full,s_max_full,s_res_ful

% arrray initi
VFE_s_n_theta = NaN(length(s_space_full), length(n_space_ful

% cycle over variational expectation space
for 3 = L:length(s_space_full)

for j gth(n_space_full)
vFE sm tneta( ) = VvFE_1(n_space_full(i).s_space_fu
end
end
subplot(2,3,2)
old on

s_space_full, -VFE_s_m_theta, "EdgeColor®, “None")

rkerFaceColor'
bri Light")
ont*)

eta_i(1), s_theta_i(L i), ko, U
xlabel(*n_\theta*, *FontSize*, 26, *Fonthame®,
ylabel(*s \theta"3*, *FontSize*, 26, ‘FontName®, -Ca
orid on

*. kT, “MarkerSize®, 12)

vlew([]AS 12])
et(gca, "Fontsize®, 20, “FontName®, “Calibri Light")

% depict the global mininun of the variational free energy

= 2.00;

.m_res_ful

L full,m_nax_ful

Lfull,s_nax_fu

Ls_res_full);

% arrray initialization
VFE_s_n_theta = NaN(length(s_space_full), length(n_space_full));

% cycle over varmtmnal expectation space
for i = 1:length(s.space_full)

lengtncn

_theta(i

e
» 7vFEJ(mispaceifu

(i) .s_space_full(i),vFE_1 arg);

% plot variational free energy as function of both variational parameters
subplot(2,3,3)

hold on

ur f(n_s, e_ful ~VFE s mtheta, “EdgeColor®. None')

plot:((m theta iehd> o theta iendd. —F_icend): + “MarkerFaceColor®, "k*, “MarkerSize®, 12)

n_fu
Rl S e full])
xlabel( T \Thetar s “PORSIZe>, 26, "Fonthane*, “Calibri Light")
“Fontsize*, 26, "FontNane®, *Calibri Light")
et(gca, “Fontsize®, 20, “Fonthame®, “Calibri Light™)
a)}

% Variational Bayesian estimation of signa"2

tional shape and scale signa®2\n*)
expectation

variance

shape paraneter

scale paraneter

23 I

% cycle over uncertainty setting for theta

for s = 1:length(sig_theta_all)

% set theta uncertainty
sig_theta = sig_theta_all(s);
% algoritn paraneters and arrays
delta sqre(2reps):  Hessian nodification constant delta
c 1le-4;  backtracking constant
=0.99; % backtracking congtant rho
10 % maximal number of iterations
NalN(2,max_iter); % variational expectation paraneter
NaN(L.max_iter): % variational free energy

4 model estination - iteration 0

# initialization of the varlational paransters to prior paraneters
[nu_s

ms_nC:. jsars si_s

% evaluation of the variational free energy, its gradient and Hessian
VFE_arg.y =

VFE_arg

VFE_arg.m_theta
VFE_arg.s_theta

TUTT(poCSt{oDh GETF(Sis. n) VEE_ 215 n,VFE arg. ms_nC:,1).1))":
Full(spn_cat(spn_difFF(8(ms_n) VFE_2(ms_n.vFE_arg). ms_n(:.1).[1 11)*)

ddF

% Newton iterations 1,2,3,

for i

ax_iter

% backtracking Newton line search with Hessian nodification for
% variational expectation

10



%
Fprintf(*Fixed-forn V8 Newton Iteration %4.0f \

% Newton search direction
i = -ddF\dF;

% Hessian modification if p_i is not a descent direction
~(p_i**dF < 0)

% diagonal Hessian mod on based on spectral deconpo
ddF LG a0, detta ~ mAnCeioUdaP) eve(:

# re-evaluate Newton search
= ~ddR\dF;

end

% backeracking evaluation of the step length
_backtrack_vFE_2(ns_n(

-1), VFE_arg, dF, p_i. c, rho);

4 perforn Newton update
ms_n(:. 1) ms_n(:,

1)+ it

# evaluation of the variational free func(lun value, gradient, and Hessian at updated location

F_n(i) 2(ns_ni LVFE_arg):
(spn_cat(spn_diff(8(ns_n) VFE_2(ms_n,vFE_arg), ms_n
ddF (spn_cat(spn_difF(8(ns_n) VFE_2(ns_n,vFE_arg), ms_n(:.i). [1 1]) s

end

% prior and variational distribution visualization

linspace(le-3 ,2el ,1e2); % RV support
Slbplot(2,3, v 1y

hold on

nlut(smsqr x |uunpdf(sm sar . musigsar

[ e (a(\:
set(gea, “FontSize, 20, “Fonthane”, *Cal

end
% variational free energy and Newton iteration visualization

W

m_sigsar 1 -1.5 ., 7 ,1e2); % scale variational paraneter
s sigsar linspace(le-2 ,le-1,ie2); % Shape variational barameter

% evaluate variational free energy surfac
r), length(e sigsan):

igsar(i) s_sigsar()1". VFE_arg):

SubpIot(2.3.6)

surf(s
alpha
pla(ﬁ(ms n(z,, . s,

jsar. m_sigsar, -FE_al

*EdgeColor”, “None")

“MarkerFaceColor®,

*. “MarkerSize, 12)

“Fontsize*, 26)
bri Light®, "FontSize
“Catibri nglvt)

an2}
((gca, < fontorae: + 20, “FontNane*
view([41 221)
id on

or
end

b

% Subfunctions,
function [hx] = h_fun(theta)

% This function generates a "latent tine series” of 11 data points given by
©

% h iR -> RMO, theta |-> vec([1:10]. theta)

% inputs
% theta  : scalar

W
% Outputs
% hx 210 x 1 array

% Copyright () Dirk Ostwa

% compute output argument
hx = ((1:10). theta)";

end
function [VFE] = VFE_1(n_theta,s_theta,vFE_1_arg)

I case

% This function evaluates the variational free energy for the spec
% of a 1-dimensional parareter space and a known variance paraneter
W

% Inputs
m. ntheta i 1x1scalar - variational expectation
m _theta - variation;

% VFE_larg : structure with fields

5 B nx1array - daf

% o - function handle
m. “ny_theta scalar - pi

m. signa_theta scalar

m. “signa scalar -

W
% Outputs
% VFE ©1x1scalar - negative variational free energy

% Copyright () Dirk Ostwa

% unpack input structure
y

# evaluation of the rumber. da(a pu ts and parameters

ze(m Deta.1y:

# evalutate f(n_theta(i)) and I1(r. (heta >
theta
E

5 Ln_theta :d ff(h m_theta,1);

% evaluation of the variational free energy value
T

—(n/2)*log(2* - (/2)*log(signa) - 2y
) —(p/2)*log(2*pi) - (L/2)* heta) - ((L/2)*(1/s
T3 (1/2)*10g(s_theta) + (p/2)*1og(2*pitexp(1));

% evaluate the negative free energy

VFE =(T1 + 72 + T3);

end

function [t_k] = f_backtrack VFE_1(x_k, s_theta, VFE_1 arg, df x_k, p_k.c,rho)

% This funct alutates the backtracking stey of 8 Newton search
% Tor the varfational expectation of the free energy function vei

% Inputs

% k 1 x 1 array of function argument

% s_theta nal argunent

% £ 1 arg ent structure for the function f_nane
% dof x_k nx 1array of func(lun gradient at x_k

% pk

% c n J0.1[

% rho n J0.1[

% Output

© backtracking/Armijo step-size

% Copyright (¢) Dirk Ostvald

% evaluation of £0C 10
fx. VFE_1(x_k, s_theta, VFE_1 arg:

alize step-:

ze

4 evaluation of o, (m)) given the in
fx. + tk*p_k, s_theta, VFE_1 arg);

ent increase o the objective function and reset step-size
K i@k 0 1] dsnandTx kp 1)

ke
VE l(x k+t_k*p_k, s_theta, VFE_1 arg);

function [FE] = VFE_2(ns_sigsqr ,VFE_arg)

% This function evaluates the negative vari a1 free energy function for
% the case of the estination of the variance parameter in a

W regression nodel by means of a Tixed-form varsational approach with log
% normal prior and variational distributions

% Inputs

5 X 1 log-scale and shape parameters

% inputs with fields

scala v paraneter
Scalar shepe prior parancter

% Outputs
% FE

: scalar negative va nal free energy

ma)*(y - h_m_theta)**(y - h_m_theta) + (1/signa)*(J
)_theta))*((n_theta - mu_theta)’2)

h_m_theta**Jh_n_theta)*s_theta);
- (172)*(s_theta/Sig_theta);
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%
& Copyright (C) Dirk Ostwald

% unpack and sumarize input paraneters
m_sigsar m )

% evaluation of the nurber data points and paraneters
n = size(y.1)

% evalutate f(n_t thc(a(l)) and Jf(n_theta_i)

h_m_theta heta):

In_n_theta ,u F(h.n_theta,1);

% evaluate free enerby terns

T IC /2)"m sigsqr - (1/2)*exp jSAr)*((y - h_m_theta)**(y - h_m_theta) + trace((Jn_n_theta*Jh_n_theta)*s_theta));
i3 0g(2*pi*si_si - U2y*Qsi slgsqr)*(s Sigear < n Skgsqr U S1gean2):

T3 G133 TS mascompios sigsary + m_sigsar:

 evaluate negative variational free energy

FE (1L + T2 + T3);

end

function [t_k] = f_backtrack_VFE_2(x_k, VFE_arg, df x K, p_k, ¢ ,rho)

% This funct aluates the backtracking step of a Newton search
the varfationdl expectation of the free energy Function iE
% Inputs
% : 1 x 1 array of function argunent
addition:

% VFE_arg variational energy input argunents
m. of x_k f function gradient at x_k

m. pk search direction

m. c scalar constant

% rho © scalar constant

W
% Output
m. tk - backtracking/Armijo step-size

 Copyright (¢) Dirk Ostvald

% evaluation of f0cK
fx.

R 20 ke arad:

alize step-:

% evaluation of f(x_(k+1)) given the initial step size
fx kp1 SOV SO Y kK, e argy:

 check sufficient decrease of, the objective function and reset step-size

wh kp1 AT 1] %K) + tk*p_K(@) <
(_k o
= vFE,z(x,k«,k«p,k. VFE_arg);
end
end
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PDDE_3.m — Second toy model (Figures 5 and 6)

function pdde_3_R1

% This function inplenents the estination of an ERP-DOM toy-model for
% unknow variance paraneter signa™

& Copyright () Dirk Ostwald
% Initialization
clc
close al
strean = Randstrean.getGlobalStrean: reset(stream: 4 set dhe randon nunber generator for reproducible restuts
% plot internediate resul
% llodel Formulation and Data Sampling
theta 251 # true, but unkioun, paraneter
p Sengtn(tneta) % c: ity of thet:
h BCtheta nfoncthetad: 4 Tunction handle Specification h : R"2 > RMO
sigsq 1e2; % true, but unknoknown, variance paraneter
h_theta heheta): % evallate h
mvnrnd(h theta, sigsqrreye(length(h_theta)))*; % sample data

Free Energy surface visualization

% m_theta space
theta_f_nin

e épace(m,theta, F_min.m_theta_f_max,m_theta 1

_res);

F_spac
m_theta_g_min
m_theta_g_nax
m_theta_g_res

pace(n_theta_g_min,n_theta_g_max,n_theta_g_res);

“VFE'}:

for s = 1:3

% free energy arguments
vfearg..

% data
vfearg.h % model function

switch s
as
vfearg mu_theta [0 01"
[Le6 O
a.6;
1e-3;
[vfearg.nu_sigsar;vfearg..

% prior exectation paraneter theta
. paraneter theta

paraneter

paraneter

% variational shape and scale parameter settings

1e6];

Vrean rom
viearg. SiSigear

cas
® Foarg.m_theta = 051" % prior exectation paraneter theta
viearg.sig_theta [1e6 030 le-3]; % prior variance parameter theta
viearg.mu_sigsar 4.6; . paraneter
3 1e-3; W prior scale paranete
ms_sigsar [rotrg.mu_sigsqriveearg.si_sigsarl:  variational shape and seale parancter settings
case 3
vfearg.mu_theta [0 51" # prior exectation paranstar theta

vfearg.sig_theta
vfearg.mu_sigsqr
vfearg..

ms_sigs

= [1e6 00 1e-3]; ariance  paraneter theta
le-

araneter

9.2;  pi
= [vfearg.nu_sigsqrivfearg.si_sigsqrl; * var ionnt shape and ceate paraneter set

end

% variational variance paranete cvaluntmn

Jh_n_theta = spn_diff(h,vfearg.nu_thet:

s_theta nv((exp(-s._ gsqr(jy(uzyms SigSqr(2))*(I_m_theta*Jh_n_theta) + (inv(vfearg.sig_theta))));

# variational fres energy terns evaluatior
VFE_terns._ aN(n_theta_f_res,n_theta_g_res,4);

r
for j = Lin_theta_g.res
[VFE_terns_al

end

% visualization
for t 2e(VFE_terns_n_theta.3)
0t(3,4, (s-1)*4+8)
Inagesc(n theta g space, n_theta.f space,VFE_terms
Te(titles{t}, “Fontlare®, “Fonts
Set(ocn, Fonthane-. Catibr gm-, oSz 20)
square

_theta(:,:, 1)
e*, 26, ‘Fontlieight”, “Normal®)

axi
colorbar
d

n: Model inversion

% initialize figure
ure

set(fig, “Color®, [1 1 1])

% fixed_forn variational Bayes Newton algorithn parameters

unber of fixed-forn VB Newton algorithm
% maximal number of Newton iterations for m_theta opt

10 % maxinal nunber of Newton ns for (n_sigsqr,
= sqri(eps); i Hessian m ation constant

le-4; W backtracking constant ¢

0.99: % backtracking constant rho

% cycle over prior distributions (= probabil

for sin = 1:3
switeh sin
% prior exectation paraneter theta

% prior variance paraneter thet:
W prior shape and scale parameter setf

% prior exectstion parancter thets
% prior variance paranetes
% brior shape and scale paraneter Setting \signa"2

nu_si_sigsar
e 3

% prior exeetstion paraneter thets

I
n_theta

% initialization and
F
F()

% VBNL iterations 1,2,3,

tial evaluation of the negative free energy

= vFE(m theta, s_theta, ms_sigsqr, vfearg);

for i = 2:max_i

% User update

Fprintf(*Fixed-forn VB Newton Iteration %4.0f .. *, i-1)

# Analytical update for theta_f variational variance parancter

% evaluate the variational varlance uudate equation for the current choice of m_theta
In_m_
s,meta

= |nv((exD( -ns. slwsqr(l)‘(l/z)"ms Sigsar(2))* (In_m_theta**In_n

_theta) + (inv(sig_theta)))):

% Newton line search for theta_f variational expectation paraneter

% iteration arrays
m_theta_j
F_m_theta_j

NaN(p,max_j);
NaN(1,max_3)

# iterand and objective function Initiatization

Fm (hetaJ(i) UFE(n theta,s_theta, ns_sigsar, viearg):

% deriatives initialization
dF_n_theta full(spr_cat(spn_diff(a(n_theta) VFE(n_theta, s_theta, ms_sigsqr, vfearg), m_theta, 1)*)):
idF_m_theta full(spn_cat(spn_difF(8(n_theta) VFE(T theta, s _theta, ms_sigsar, vfearg), m_theta, [1 11)*)):

erati
2:max_j

ns 1,2,3,.

% Newton
for j

% Newton search direction
p_i = -ddF_n_theta\dF_n_theta;
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% Hessian modification if p_j
~(p_J"*dF_n_theta < 0)

s not a descent

% diagonal Hessian nodification based o tral deconpo:
4P thota = ddF_n theta + max(O.(dolta - minCelg(dde. N thetay)))*eye(s)s
# re-evaluate Nevton search direction
] m_theta\dr_n_t

end

% backeracking evaluation of the step length
A acktrack_VFE_m_theta(n_theta, s_theta, ms_sigsqr, vfearg, df_m_theta, p_j.c.rho);

% perforn paraneter updat
eta + €03

% update renai
dF_n_theta
ddF_n_theta

ing entries in free energy array:
rul Copn_cat (opn_dITFR(N theta) VFECn theta, s theta, ms.
Tull(spn_cat(spn_diff(s(n_theta) VFE(n_theta, s_theta, ms_t

sar, vearg). m_theta, 1)7)):
sar. vfearg), n_theta, [1 11)")):

& record upda(es
m_theta_j(:
F,m,thetau(])

m_theta;
VFE(n_theta,s_theta, ms_:

jsar, vfearg):

end

& Newton line search for signa’2 variational parameters

% iteration arrays
ms_sigsqr_| NaN(2,max_k;
F_ms_sigsqr_k = NaN(Limax_j)

% iterand and objective function initialization

ms_sigsqr_| ms_sigsqr;
F_ms_sigsar_k(1) VFE(n_theta,s_theta, ms_sigsar, vfearg):

% eval

tion of the current negative free energy gradient and Hessian wrt ms_sigsq
dF_ns_sigsqr Tull(spn_cat(spn_diff(a(ns_sigsqr) VFE(n_theta,s_theta, ms_s
ddF_ns_sigsqr Tull(spn_cat(spn_diff(a(ns_sigsqr) VFE(n_theta,s_theta, ms_s

gsar, vearg), ms_sigsar,1)")
Sear, Vicargy, nesigeer T 2oy

% Newton iterations 1,2,3
for k = 2:max_k

 Newton search direction
—~ddF_ns_sigsqr\dF_ns_sigsqr;

% Hes:

an mo ation if p_j
i ~(p_k**dF_ns_sigsar < 0)

s not a descent

% diagonal Hessian nod n based on spectral deconposition
ddF_ns_sigsar = ddF_ms_sigsqr + nax(0,(delta - min(eig(ddF_ns_sigsar))))*eye(2):
% re-evaluate Newton search direction

p_k = -ddF_ms_sigsqr\dF_ns_sigsar;

end

& backtracking evaluation of the step length
t_k = backtrack_vFE_ns_sigsqr(n_theta, s_theta, ms_sigsqr, vfearg, dF_ms_sigsqr, p_k.c,rho);

# perforn Newton updatc

ms_sigsar + tkp_k;

o update ren s in free energy arrays
jsar (spn. cat(sp (8(ns_sigsar) VFE(n_theta,s_theta, ms_sigsqr, vfearg), ms_sigsqr,1)"):
g o T o cat oo B Cra-stgsar) VFE(htheta.s theta, no-sigser. vicargy, masigsar. TL 21"

% rccurd updatc<
_sigsqr_k(:,l) = ms_sigsar;
Fhe.Sigsar kU9 = VFE(n_theta,s_theta, ns_sigsar, vfearg);

end

% free energy update

F(i) = VFE(n_theta,s_theta, ms_sigsar, vfearg);

% user update

Fprintf("vFE %6.3F  dvFE %6.3F \n*, F(|

# evaluate the WP fit
= h_fun(n_theta);

% RV support sets
sigsar_x

space(le-3,2e2 . lea);
e( 5, 25 1

theta linspace¢ 3, 7 . led):

% data, function h, and WAP fit
suhplot(:l 5.(sin-1)*5

. , k=)
Habel O “Fontsize, 23, "FontName®, *Calibri Light")

1
Iegend( h(\theta)*, "y*, “h(n_{\theta}>{JAP})", "Location®, *Northilest")
se((gca, “FontSize*, 16, "FontName®, *Calibri Light™)

SUBRIOL(3,5, (8in-1)"S + 2)
hol

DHotCiheta_f x, pdfC'iornal, theta £ x, mu_thetaCl) . sare(eig tetacay. b
DIotCthetat . parc-Nomal -, theta fx. n Ehetacty’ | sarice thetact YN
plot(mu_theta(i 170, 0% arkerfacecotor ., tber ¢

plot(n thetacl) . 0, "0, “NarkerFaceColor* , *r*
a f", “FontSize®, 22, "Fonthame®, "Calibri Light")

|egend('p(\thcmj)'. "q(\theta )", “Location®, "Northilest")

se((gca, “FontSize*, 16, "FontNane®, *Calibri Light*)
xhin([theta_f_x(1) theta_f_x(end)])

SUBRIOL(3,5, (sin-D)"S + 3)
hol

Plot(theta 9%, pUComal, theta g.x, mu_theta?) . sart(sig_theta(2.23)),
plot(theta_g_x, pdf(“Normal ", thef - Sart(s thetaz. z)))
plot(nu_theta(2) wo* b Ker

(.

heta(2;

) arkersize- 83
C\theta g°, “Fontdiner 23, Eomenanas

Caribri Lignty

sim == 1
o VeoendC"p(\theta_0)", “a(\theta g)". “Location”. “NorthEast")

“FontSize*, 16, “FontNane®, *Calibri Light*)
Tin(Ttheta o x(1> thoth g x(endy])

signa®2 prior and posterior
suhplot(:l 5.(sin-1)*5 + 4)

ar_x, Tognpdf(:
pla((sigsqrﬁx, 1ognpaf(:
plot(exp(mu. -~ arkerteacotor®
plot(exp(ns_sigsar(1) = + .5*ms_sigsqr(2)) . 0, "o", "MarkerFaceColor*

t(gca 'Funtsrzc . 16, “FontName®, “Calibri Light")

)
*b*, “Warkersize
vl “MarkerSize®,

10)
10)

si
Tegend(*p(\signar2)*, *q(\signa®2)”, ‘Location®, *NorthEast')

xlabel(*\signa"2*, “FontSize*, 22, "FontName®, *Calibri Light")
x1in([0 sigsar_x(end)1)

variational free energy
suhpln((a S.(sin1)S + 5)
hold
PlotCF2zendy, o)
Fu tSize®, 16, "FontName®, "Calibri Light™)

*Fontieight”

tltle( F(W \thcla"((l)) \Sigma_\theta"{(i)}, m. (\Slq"a"?}”l(l)}. s_{\signa"2}*{(i)})", “Fonthame*, *Calibri

xlavel( ntSizes, 22, “Fontiane®, “Calibr
end

end

% Subfunctions
function [f_theta f] = f_fun(theta )

% This function evaluates the ERP-DCH toy-model function

% 1R -> RMO, theta f |-> vec([1:10] . theta_f)
% inputs

% theta f scalar

% Outputs

% fthetaf :10x1 array

n{ Copyright (¢) Dirk Ostwald

% compute output argument
f_theta_f = ((1:10)."theta_f)";

end

function [g_theta_g] = g_fun(theta_g)

% This function evaluates the ERP-DCH toy-model func

m DR >R, thetag |-> theta g

% Inputs
% thetag  : scalar

“Normal*)
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% Outputs
m. g thetag : scalar

mﬁ Copyright (C) Dirk Ostwal

. Sompute utput argunent
g_theta g = thet:

end
function [h_theta] = h_fun(theta)

% This function evaluates the ERP-DC expectation parameter generating
& function

% h : (theta) |-> h(theta) := g(theta_g)*f(theta_f)
M

5 Inputs

% theta 2 x 1 function paraneter

% outputs

% h_theta  : evaluated function

% Copyright (C) Dirk Ostwald

% subfunction paraneters
theta_f = theta(1);

theta g theta(2)}

% eyatuate component funcy and g

_the 't funcineta. f)

et g o_fun(theta_g;

% evaluate concatenated function h

h_theta g_theta_g*f_theta_f-

end

function [VFE] = VFE(n_theta,s_theta, ns_sigsqr, vfearg)

& This function evaluates the variational free energy for ERP-DCH toy
% proble
W

% Inputs

. Lsi * scalar prior shape paraneter for signa"2
% Outputs
% VFE scalar negative variational free energy

W
% Copyright (¢) Dirk Ostwal

% impackc Inpue struceure
m

ms_si

# evaluation of the mmher data points and paraneters
n

S
1 i ze(m theta,1);
% evalutate h(n_theta f(i)) and J°h(n_theta_f(i))
h_m_theta = hntheta)
In_n_theta pr_diff(h.n_theta,1);

% evaluation of the vai nal free energy value
1

T (n/z)-mg(z- 2)% - (U2)*exp(-n_sigst S SIg00((y - hn_theta) ey - hntheta) ¢ trace((hn_thetasdh n_theta)“s_theta)):
i) - (1/2)"Iuw(det(s|w theta)) - (1/2)*((n_theta - mu the(a) Tinsig theta)*(n_theta - nu I_theta) + trace(sig_theta\s_theta));

T3 o - /2y saro o Shgear + (n STosar 95ar)"2.

T4 (1/2)"Iuw(det(s the(a)) /2 Toace

5 - 723 ogCmpize Sigaary + m sigsar H

4 evaluate the negative free enrgy
VFE ~(T1 + T2 + T3 + T4 + T5);

end

function [VFE] = VFE_terms(n_theta,s_theta, ns_sigsqr, vfearg)

% This function evaluates the variational free energy for ERP-DOM toy
9\ problen

I Inputs
m. n_theta - vartational expectation for theta
m s_theta onal variance  for thet:

ms_sigsqr Variational paraneters for Signar2
% e nal argument structure with fields
5 inx1array - data
% string - function handle
m. scalar prior expectation for theta
m. * scalar prior variance for
m. * scalar prior scale paraneter for signa’2
5 scalar prior shape parameter for signa"2
% Outputs

3 structurs with fiolds

m T1A alar accuracy term A
m T8 Seatar accuracy tern 8
m 12 fluence m_theta
% 13 r influence ms_sigsqr
5 14
5 15
m. VFE © scalar variational free energy

# Copyright (¢) Dirk ostwald

4 umpack input structure
jsar s

% sualustion of the mmbar data polnes and paraneters
n

P = Sizecn theta,1y:
# evalutate hen, tlve(a 1) and h(n_theta 1))
hm

In_m_ Cineta = 5pm dlff(h n_theta,1);

# evaluation of the v nal free enorgy value
VFE. - /2y

ariat
~(n/2)*10g(2*pi

sar - (1/2)"exD( n_sig r +.5%s_sigsar)*((y - h_m_theta)™(y - h_m_theta)):
T2 72 enpCn Slgsar -+ 5% Sigaany*(trace(() eta**Jn_n_theta)*s_theta
VFE.T3 ~(p/2)*10g(2" - (llz)'lag(de((s g_ (he(a)) - (llQ)“((m ‘theta -  theta)"+inv(sig. theta) (n theta - mu._theta) + trace(sig_thetas_theta)):;
VFE.T4 ~(1/2)*10g(2* qr) - m_si jsar)*(s_sigsar + (n_sigsar N"2);
VFE.TS 2 /R oacasics. thetayy  + Gprayeloacan
VFE.T6 sz L /23 iogGpivs Sigaary + m_sigsar

% evaluate the pos|
VFE.VFE

ve free energy
VFE.TL + VFE.T2 + VFE.T3 + VFE.T4 + VFE.TS + VFE.T6;

end
function [t_k] = backtrack_vFE_m_theta(x_k, s_theta, ms_sigsar, vfearg, df x K, p_k,c,rho)
& This function evalutates the backtrackin ze Of a Newton search

step-s|
% for the variational expectation of the free energy function Vi
% Inputs
% xk array of function argunent

% ta array of sdditional vFE argunents
m ms_sigsa onal VFE argunents
m earg e or i

m of x_k 1 x 1 arrey of funceion gradient at x k
% pk

% c 10.1

% rho : scalar constant in 10, 1[

% output
m. tk  : backtracking/Armijo step-size

% copy

jht (C) Dirk Ostwald

. svaluation of f(c k)
Tl VFEQc_k, S_theta, ms_sigsqr, vfearg):

tial step
k"p k.5 theta, n sigear, vieargy:

ent increase o the objective functs
>k +

and reset step-
oGt ke k0 11 Fsnandhx kb1

o 1.
K k= rho
fx_kpl = VFEQ K k*p_k, s_theta, ms_sigsar, vfearg):

end

end

function [t_k] = backtrack_vFE_ms_sigsqr(n_theta, s_theta, x_k, vfearg, df x K, p_k,c,rho)

% This function evalutates the backtracking step-size of a Newton search
& for the v nal expectation of the free energy function vFE

% Inputs
n_theta px 1 array of additional VFE argunents
% s_theta P x p array of additional VFE argunents
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% x_k f2x array of function argunents
m. vfearg additional input for VFE

m. of x_k 2 x 1 array of function gradient at x_k
m. Pk search direction

% c scalar constant in 10,10

% rho : scalar constant in 10,1[

W
% output
m. tk

it (C) Dirk Osf

% Copyri
W

© backtracking/Armi

jo step-si

twald

% evaluation of F(xk
Tk

tk

% evaluation of F(x_(k+
T kpl = VFEQ

% check sufficient increase of the objective function and reset st
while T.x_k_p_1 > fx_k + c*L_kA(df_x_k™*p_k) || isnan(f_x_k_p_1)|
t = tkerho;
fx_kpl = VFE(n_theta, s_theta, x_k+t_k*p_k, vfearg)
end
end

1)) given the initial step
n_theta, s_theta, x_k + t_b

)
VFE(n_theta, s_theta, x_k, vfearg);

e
K*p_k, vfearg):

ep-size
1 % K@) + tk*p_k@) < 0;
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PDDE_4.m — ERP-DCM input connectivity estimation (Figures 7 and 8)

function pdde_4_R1

& This function
i a basi

delay

plenents the estination of latent input connectivity in
fferential equation ERP model

% Copyright (C) Dirk Ostwald

clc
close al

% set the randon nunber generator for reproducible sarpling results
reset(RandStrean. getGlobalStrean)

& invoke Fieldt
addpath(genpath (Ful i teqovd,

W Vodel Formulation

# neural nodel structure and paraneters

% structural aspects and fixed paraneters
n_f.f

. = Sepn Peerp % neural evolution function
n_f.ns % nunber of
n_f.dt % time bin tength (se0)
m_f.pst - (o m - 1)*n_f.dt; W peristinu ec)
m_f.nt Tength(n_f.pst); & huber of tine pointe
mfon % nunber of neural
mfn % nunber of neural states per neural mass
m_f.ons % systen input onset (1)
n_f.dur % ith) of the input function
mfox n:
nf.R W n parameters rho_1 and rho_2
nf.s % static nonlinearity (activation function) paraneters
nfT % i tatory and Innibltory tine constants
.G % i nhibitory receotor densiti
nfH W Solirce- independent intrinsic comectivity paraneters
nf.D % betueen source delay parameters
nFLA{LY % foruara ‘comecelvity
m_f.A{2} % backvard connect
m_f.A(}H & Tavoral comeceivity
nf.c % input connect:

% foruard nodel specification

)_model_struct.sens % sel
model_struct.sens. label ; n:
numel(n_g-elab); n:
zeros(o fnsn gone, 3 g.ne); n:
[42 -31 5t 18]": %

= [or0n 0708 “0.08; 017 0.0 -0.171°: % di

[-0.100000-0.46 0 1 W Stoee werghting speciFication

ood model parameters

n = m_f.nt*n_g.ne; % nunber of data p

% prior fornulation

o1 # prior expectal araneter setti
[1e3 0: 0 1e3]; W pi ariancen paraneter setti
[4-6:11: W Brior Shape and Scalle paraneter Setting \signsn2

# maximal nunber of fixed-forn VB Newton algorithn
n: nunber of Newton for n_theta opt:
sig

stant rho
% gradient norm convergence criterion
% paraneter norm change convergence criterion

% Vodel Realization

theta o % true, but unknown, input connect
sigsqr = % true, but unknoun, data variance
P Ieng(h((he(a) & nunbér of paraneter

h_theta_fg p_h(n_f,n_g, theta % data expectation

y = TRPRdGh. theta.fo. Sigsareye()” % data sanpling

n: Data Visualization

ure:
set(fig, “Color™, [1 1 11)

% evaluate latent data

I theta_r,u) erpf(n_.
eta_f_S1 = f_theta f(lZend])
f theta _theta_{

% Input function u

subplot(2,3,1)
pla((m . ps( u)
-pst(1) -t f -pst(end)])
Ie( . " Fontvara: Cal bri Light’ tSize®, 24, "Fontlieight”, "Normal®)
xlabel( Fon 24 'Fanmm . 'c ntty

abel “C:

e e e, Fonna
Eanisiver 20, ‘roninanc- Scatibri Light™y

y
set(gea,

% latent variable evolution
suhDIDt(Z 3.2)
lot(r F.pst. T theta

psi(h) T -patcen
o) “Fon rases Ratibri Lights, “Fontsizer. 24, “Fontie

ontsize®, 24, Fonthane’, “Ca bl

Sires 2a “Fontnaner
20, “FontName®, "Calibri Light")

jht*, “Normal

xlabel( Tine
ylabel("a. e,

subplot(2,3,5)

pla((m T.pst tener

oot n Dst(end)])
(2)}", “Fonthame~,’

“Fontlieight”, “Normal*)

Light”, “FontSize®
by

Tt Fontsizer, Name* )
ylabel("a.u.", size”; 24 “Fontane-, ~Cal
set(gea, “Font: teominana: v
ytin([-1 51)

% observed variables evolution

suhpln((Z 2 3)

jesc(n snunel(n_g.elab),spn_unvec(y, Nan(i_g.ne,n_f-nt)))

aincin - ps((]) Tt

cb = colort

title("V” FuntNa'm: . 'Callbrl quht . "FontSize®, 24, “FontWeight”, *Normal®)

Ylabel(ch “\mu “Ror o, 'FDntNaNc . “Calibri Light®, "FontSize®, 24)
n

| antSize-: 24, “Fontiane’, -ca ght
eS", “Fonthané*, ‘Calibri Light", "Fontsize®, 24)
Light™)

ylabe ( Theceran
set(gea, “FontSize®, 20, “Fonthame*, “Cal

% selected electrodes
subplot(2,3,6)
eoi [47 49:51];
m_g.elab(eo

a spr_unvec(y. Ra(n_g.ne.n_r.nt3);
plot(n_f.pst, data(e :
i E-pst) mfpstendl)

rentiare”, CAIIE Lighe, “Fontsize”, 24, “Fortieiont”. orral®)

abel [] “Fontsizer, 24, ~Fontlare". Cal
ylabel( v oo onthane*, *Calibri
Leaes. “Fonisiser 20, N Ca tbre

1)
Light", "FontSize, 24)
Light™)

% VBNL iteration 0

"
eta
vfearg sm theta

rea Siosar
Vrearg. theta

% paraneter iteration arrays

ms_sigsqr_k
F_ms_sigsqr_k = NaN(méx_k.m

atizat

a1 evaluation of the negative free energy

e tReta) 's_theta, ns_sigsar, vieare):

n: VBNL iterations 1,2,3,
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% User update

n 44.0F ... \n",

Tprintf(*Fixed-forn V8 Newton Itera 1)

% Analytical update for theta f variational variance parancter

% evaluste the varistional varfsnce updste equation for the current cofce of n_theta
9 q(n_theta) variance
X Full(spn_cat(spn_diff(a(n_theta) erp_h(n_f,n_g, spn_unvec(n_theta, theta)) n_theta, 1

s_theta = spr_inv((exp(-ns_sigsqr(1)+(1/2)*ns_sigsar(2))*(Ih_n_theta**In_n_theta) + (spn_i nv(sm et

# save ¥terand and objective function
1) thet

SUFEQn iheta,s_theta, ns_sigsqr. viearg):

% inforn use
fprintf(-finished. \n*)

% Newton line search for theta_f variational expectation paraneter

fprintf(*  Estinating q(n_theta) expectation ... *)

# save ¥terand and objective function
1)

m_t
Fom_theta_j (1.

13 Tretn thota.s_theta, ns_sigsar. vreare):
S numerical gradient and fessian of the negative free crery
dF_n_theta cat(spn_diff(3(n_theta) VFE(n_theta, s_theta, ns_sigsar, vfearg),n theta,1)*));
ddF_n_theta T (o cat o1 T CE o thetay VFE(_theta, Stheta, rastsar. vicargy.a_theta.LL 1"

% Nevton iterations 1,23,
it nornaF_n_thet: a) >2 vareps

% gradient search direction
P_i = -ddF_n_theta\dF_m_theta;

% Hessian modification if p_j is not a descent direction
W ~(p_j"*dF_n_t

% diagonal Hessian based on spectral

posit
ddF_m'theta = GdF_m theta + max(0. (delta - minCeia(ddr m theta))) eye(m):

% re-evaluate Neyton search direction
p_j = -ddF_m_thetaxdF_n_t

end

% backtracking evaluation of the step length
A = backtrack_vFE_m_theta(n_theta, s_theta, ms_sigsar, vfearg, dF_n_theta, p_j.c,rho);

% perforn parancter update
m_theta + €j*p_i;

% numerical gradient and Hessian of the negative free energy
dF_n_theta = fu (8(n_theta) VFE(m_theta, s_theta, ms_:
ddF_n_theta Ul (oprcat (opn_di 16 (T_thota) VFE(n_theta, o_theta, Mo

jsar. vfearg),m_theta,1)*))
igsar, vfearg),m_theta,[1 11))):

% record updates
m_theta_j(:,J.
F_m_theta_iG.

1_theta;
1) = vFE(n_theta,s_theta, ms_sigsar, vfearg):

i norm(dF_n_theta) < vareps |1 norm(n_theta_j i-1)) < vardelta

% inforn user
fprintf(-

& Newton

hed.\n")

ne search for signa®2 variational parameters

fprintf("  Estinating a(signa2) paraneters B

# save ¥tarand and objective function
k(: 1)

sqr-
Fore. Sigear k(1 = Vrecn theta,s_theta, ns

-1 gsar., vfearg):
s euatuation of the current noaative free eneray gradient and essian wrt o sigsar

dF_ms Full(spm_cat(spm_diff(a(ms. qr) VFE(m_theta,s. theta. ms_sigsqr, vfearg), ms_sigsqr,1)").
full(spm_cat(spm_diff(a(ms_si gsqr) VFE(m_thet: heta, ms_sigsqr, vfearg), ms_sigsqr, [1 11)")):

dFms Stasar

& Newton iterations 1,23,
i norm(dF_ns_sigsqr) > vareps
= 2imax_k

% Newton search direction
Pk = -ddF_ms_sigsqr\dF_ms_s

gsar;

% Hessian modi not a descent direction

i ~(p_k**dF_ms_s

cat

n it pj
jsar < 0)

based on spec
gsar + nax(o, (del(a - mln(elg(ddF s SigsIN)“eye(2):

% disgonal Hessien
ddF_ns_sigsqr = ddF_ns._

% re-evaluate Newton search
p_k = -ddF_ns_sigsqridF_r

end

# backeracking evalustion of the step length
iy

acktrack_VFE_ms_sigsqr(n_theta, s_theta, ms_sigsqr, vfearg, dF_ms_sigsar, p_k,c,rho);

% perforn Newton update
ms_sigsar = ms_sigsqr + t_k*p_k;

% update remaining entries In free energy arrays
a Full(spn_cat(spn_diff(a(ns,
Tull (spm_cat(spn_diff(a(ns_s

gsqr) VFE(n_theta,s_theta, ms_¢
gsdr) VFE(n_theta,s_theta, ms_¢

gsar, vearg), ms_sigsar,1)")
Sear, Vicarg), nesigeer T 2oy

ddF_ms_sigsar

rd updates
r_ki

ms_sigsq
VFE(n_theta,s_theta, ms_

-1)
1) jsar, vfearg);

if norm(dF_ns_sigsar) < vareps || norm(ns_sigsar_k(:.k,i-1) - ms_sigsqr_k(:,k-1,
break

g ik,

-1)) < vardelta

nforn user
(i

shed. \n*)

% free energy update

F(i> = vFEGn_theta,s_theta, ms_sigsar, viearg):

% user update

Fprintf("vFE %6.3F dVFE %6.3f \n*, F(i), Fi

m Algorithn Visualization

% initialize figure
AN EEEEEN )]

% m_theta prior and approximate posterior

set(h, "Co

coo00s

en th(c
3 = mvnpdf(mu theta”, [c_1(i) c_2(i)].sig_theta);

imagesc(c_2,c_1,p_c)

plot(theta(2), theta(1), “k+*, “MarkerSize® “NarkerFaceColor®, k*)
. . “Fonti “calibri Light*)

~Fontlane*, *Ca Light", “FontSize®, 24, "Rotation®, 0)

Lighe:, Fontsize, 24

ht*] *Fontsize*, 24, “Fontileight", “Normal®)

er, 12,

axis square
set(gea, “Fontsize®, 20)

xinate posterior q(c)
999

>_max, ¢_2_res);
NaN(lengm(c D iengence 5
L:tength(e )

i ength(c_2)

mnpaf(n_theta*, [c_1(i) c_2())].s_theta);

end
subplot(2,3,2)
hold on

inagesc(c_2, ¢ 1,
pna((me(a(z), “theta(l), kit “Marker:

ze*, 12, “Fontame-,
Mool e 2o ~Fantiane®, ~Calibrs Light" . ~Fonteize’ . 24
set(gea, “ytick®, [.999 1.000 1.001 1.002 1.003])

“MarkerFaceColor”,
nt*)
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HHeCq(©)", rontiane’, “Calibri Light”, “Fontsize”, 24 “Fontieight”, “Normal®)
(gca, “Fontsize*, 20)
colorbar

axis(le_2(1) e 2(end) € 11 o L(endl)

axis saual

% signa’2 prior and posterior

nspace(le-3,6e2,2e2);

mgnpuf(s.gsqum, mu_si_sigsar(1) . sqrt(nu_si_sigsar(2))):

sigsar_pos 6.0.2,1e2);
p_sigsar_pos logn;zdf(smsqums. mssigsqr(1) . sqre(ns_sigsar(2));
subplot(2,3,3)

ol

gsar_pri, “Color*,"b")
;W current axes

“calibri Light';

ax1.Fontsize

axi_pos = i.pnsman,
xlsbel (\signa"2”, “Fonthane", “Catibri Light", Fontsize", 2A “Color*, *k*)
axz @es(Position”,axl_pos, "XAxisLocation" VAxisLocation®

Color*,"None®, *Fonthare®, *Cali “Fontsize*, 20);

ax2.xColor
ax2_Ycolor
Tine(sigsar_pos,p_s gsqu)as,-paren( Lax2, “Color*,"r")

St VBNL iterat

.m_theta_1_max,m_theta_1_res);

inSpace(n_ (he(a 2
NaN(res, res]

n.n_theta_2_max,n_theta 2 res);

es
_theta(ij) = VFE([n_theta_1_space(i) m_theta_2_space(i)]". s_theta_i(:.:,1), mu_si_sigsar, vfearg);

end
SUBpIOR(2,3,4)

surf(m theta 2 space, n theta 1 space, WFE n theta, “Edgecolor. one’)
plot3(n_theta_j(2,:,1), m_theta_j(1,:,1), ta_j(:.1). "ko-", “MarkerFaceColor® ,*k")
axis tight
alpag.0)
view([-30

xlabel (o {\tlve(a
ylal . ‘ta_1}

Ivt )

libri Light")
HFontieight . Nornal®, “FontSize*, 24)

3.
Set(gea, “Fontsize, 20, -Fontanct, -Calibri Lignt)

% ns_sigsqr variational free energy ascent on first VBNL iteration
W

_sig:
NaN(res, res);

t,2,1), [n_sigsar_space(i) s_sigsar_space()]*. vfearg):

Gsqr (i §) = VFE(_theta_j(:.,2,1), s_theta.

end
Subplot(2,3,5)
hold on

~VFE_ms_sigsqr, “EdgeColor®, “None®)
. .

s_sigsqr_space, n_sigsqr._
Plots(ne. Sigsar K(z,: 1>, na Sigear k(1 “F_ns_sigsar_k(:,1),

alphac.6)

man2}*, “Fontsize®,
ylabel( o (\s.gwaAz) “FontSize*, 24,

set(gca, “FontSize*, 20, “Fonthane”, “ean
title('n_{\signa"2}™{()}. s {\signa"2}{(

24, [FontNane:, “Calfbr
“Catibri

bri Light")
3. “FontName®, *Cali

Light", “Fonteight", “Normal®, "FontSize", 24)

nal free energy
suhpln((Z 36

pla(( Feo- ena), ko-*,
([0 max_i]
t tle( s Nehetan (13}, \Signa wthetan{(D) m{\ qrra"z)”(
- 24, “Fonthan alibri Light®
Fontorser 20, “Fonthane-r -Catori nglvt )

“MarkerFaceColor®, *k")

ght”, “Fontieight”, “Normal®, "FontSize, 20)

3. s {\signa"2}{()})", "FontName®, "Ca

se((gca,

% renove Fielderip
W

rmpath(genpath(fullfile(pud, “Ficldtrip’))
end
% Subfunctions

W
function [h_theta_fg] = erp_h(n_f.n_g.theta)

& This function evaluates the expectation paraneter generating function

% h : (theta f,theta g) |-> h(theta f.theta_g) := vec(g(theta_g)*F(theta f)

W

% of the delay differential equation model for ERPs
I Inputs

ﬂe nf : latent neural model structure
5 mg : forward model structure

% theta model paraneters

W

ﬂe outputs

ﬂe h_theta fg : evaluated function

né Copyright (¢) Dirk Ostwald

4 evatuats conponent functions £ and
[f_theta_f, u] p_f(n_f, theta);
9_the: gt et

% sualusts concatsnetsd function b
h_theta_fg *spm_vec(g_theta_g*f_theta )

end

function [f_theta f,u] = erp_f(n_f,vartheta)

# This function integrates the neural evolution function of the delay
al equa for Ef ased on spn_gen_erp.m

ased on a given parancter s this function

nput tine-course and integrates the resulting delay

%  differential equation systen.

w\ the SPH2

5 Inputs
% m_ latent neural model structure and fixed paraneters
% theta : free latent neural model parameter

ﬂe outputs

ﬂe f_theta f  : evaluated latent neural model

% : evaluated systen input function

W

% Copyright (C) Dirk Ostwald
W

W constant paraneters
he

ta.R m_f.R;
theta.s mf.s!
theta. T nfTE
theta G = mf.Gi
theta_H nf.
heta.D nf.
theta.A{1} nf.
theta.A{2} nf.
theta A{3} =nf.

a.C n_f.
W free parareters
theta.C(1) vartheta(1);
theta.C(2) = vartheta(2):

% evaluate peri-stinulus time input function
t (( _f.ns)*n_f.dt)*1000;

m_f.ons(1) +128*theta.R(1, J)

m_f.dur (1)*exp(theta.R(L,2

32%exp(-(t - delay). "2/(2*scaleA2))':

detay
scale
u

% integrate systen
x

S

dt H
[fx.dfdx,D] (1) theta, D%
P (real(elg(full(dfdx))))) H
ceil(max(l,
Spn_length(x)
(s;zm exW(ﬂt‘D‘dfdx/N) - speye(n,n))*spm_i

w(dfdx)

N
n
Q
v
y

= NaNinengm(v), Tength(u)) DU iniaiize State tine-course

% cycle over tine-steps
for ssize(u.1)
& update dx = (expn(dt*d) - D*INV()*F(x,u)
for j

Ltheta,m_f);
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end

% transpose
f_theta_f =y

end
function [£,3,0] = sp_P_erp(x,u.P.i)

state equations for a neural mass model of erps
& EORIAT LF DT = Spr i erpGer By
91

% FORNAT SpI_fx_erp(x,u, P,
% FORMAT [f] = spr_erp(x,u.P.i)
% x

19) - voltage (pyranidal cells)

% f - dx(t)/dt f(x(())

%3 - dF(D)/dx(

%D T Getay peracor ax(ey/at = Foxct -

% BEXE

5
% Prior fixed paraneter scaling [Defaults]
5

41

1ateral)

rates (forvard, backward,
520 o

# paraneter of static nonl

ton KJ (2003) A neural mass nodel for WEG/EEG: coup
- Neurolmage 20: 1743-1755

0, Fi
% neuronal dynar

% Copyright (C) 2005 VieTlcone Trust Centre for Neuroimaging

% Karl Friston
% SId: spn_fx_erp.m 5369 2013-03-28 20:09:27Z karl $

% get dimensions and configure state variables

x3

Tength(P.A{1}] % nunber of sources
Spm_unvec(x,M.x); W neuronal states

& [default] fixed paraneters

E = [ 1/2 1/8]*32; % extr rates (forvard, backward. lateral)
G [L 4/5 1/4°1/41*128; % intrinsic rates (gl g2 g3

D 2 16]; % propagation delays (intrinsic, extrinsic)

H [432]% % receptor s (excitatory, inhi

T [8 16]: & Synaptic constants ¢

R = [2 11/3: % paraneters of static nonlinearity

connections,

% test for free paraneters on intri

G.*exp(P.H):

G
G = ones(n,1)*G:

% no exponential transforms to foster parameter identifiability
5

ALy PLALLE(L):
A2y PLAZYE():
M3} = PLAGHER):
c p.C;

y and paraneters

Te T(1)71000%exp(P.T(: 1 1))
Ti :

He 1)

Hi H(2)*exp(P.G(; 2)) ory receptor den

% pre-synaptic inputs: s(V)

1./(1 + exp(-RED*(x - R - 1./(L + expRAI*R()):

s

% exogenous input

v = cruC)*2:

W State: (x)

s voltage change (spiny stellate cells)
e voltage change (pyra cells) +ve

x(:.6)
(Hel*((A{1} + ALB1*S(:,9) + G(:,1).*S(:,9) + U) -

2#%(:,4) - x(:,1)./Te)./Te I % current change (spiny 0
(Ne.*((A(Z) TABDUGI9) ¢ GG S - 2N ) X2 Te) /e i % current change (pyranical cells) depolarizing
D,8).4S(LT) - 2%x(2,6) - X(2,3)./TH) /T i % current change (pyranidal cells) hyperpolarizin
I % voltage nterneurons)

$.7)./Te) . /Te iterneurons) depolar

% Cutrent changecini
13 Vottage Goyransda ce1isy

e
spn_vec(f):

avoid infinite recursion of spn_diff
if nargout < 2

% Jacobian

3= Spr_difFQLFLx,u P

& delays

% Delay differential equations can be integrated efficiently (but
% approximately) by absorbing the delay operator into the Jacobian
5

% de(e)/de

Ot - d))
UDT())
Qar/dx

[T

D(2).*exp(P.D)/1000;
D(1)/1000;

@~ speye(n,m). *De;
= Q- speye(9,9)).
roncones(s.6).063¢
kror peye(n,n).

# Inplenent: dx(D/dE = FE(L - ) = inv(L + DTG (x(D)
= Q= QrIMK(D)

q' spn_inv(speye(length(3)) + D.*3);

end

function [g_theta g] = erp_g(n_g)

% This function evaluates the EEG forward model of the delay differential

% equation model for ERPS bascﬂ on a structural fornula f the forward
 model and paraneter settin

I Inputs
m. X EEG forvard model structure and fixed paraneters
% theta : EEG lead-field free paraneters

% outputs
5

g_theta g : evaluated EEG forvard model

% Copyright () Dirk Ostwald

% constant paraneters
theta. =

theta. L
theta.)

mg.
mg.3%

% evaluate constants
n s

d e(theta.L,2) s number of dipoles
ne Size(ng-sens-chanpos. 1) nunber of electrodes
dp = oS theta. Lpo ¢ dipole coordinates adjusted for fieldtrip

ole lead-field u

itrip
e,3,nd);

= ft_compute_leadfield(dp m_g.sens, m_g.vol);

% rescale lead-field according t
Lcan = L_can*(10"1)~ rnund(lnglc(max(max(max(abs([ can))))/8)/1):

% evaluate channel predictions based on dipole moments
NaN(ne,nd)
“nd
L_dip(:,1) = L_can(:.:,i)*theta.L(:,);
end

% evaluate g(\theta_g)
theta g = [1:

ri o= 1:nd
g_theta_g = [g_theta_g kron(theta.J,L_dip(:,i)]:

n [vFE] = VFE(n_theta,s_theta,ms_sigsqr,vfearg)

& This function evaluates the variational free energy for ERP-DCH toy
% problen

% Inputs
% m_theta  : p x 1 variational expectation for theta
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man2

scalar prior variance for theta
rior scale paraneter for signa’2

. © true, but unknown, parameter structure
% Outputs
% VFE : scalar negative variational free energy

W
& Copyright (C) Dirk Ostwal

b unpacic Inpue structure
_sigsar =

m
e
y
m

vfearg..
vfearg. theta;

 evaluation of the number data points and paraneters
n

S5
P = size(n theta,1);

# evalutate h(n thc(a) and J°h(n_theta)
hm h(n_f,n_g,spn_unvec(n_theta, theta));
= ‘spr_cat(spn_di FF(§(n_theta) erp_h(n_f.n_g,spn_unvec(n_theta, theta)).n_theta,1)));

In_m_ et
% evaluation of the variational free energy value

T ~(n/2)* n/2)"n_: - (1/2)*exp(-n_s

T2 —(p/2)"lc|g(2" - (llz)'lag(de((s o_theta)) - (llQ)“((m theta - my
T3 ~(1/2)*10g(2* jSqr) - m_ jSar)*
T4 = 0 theta))  + 1)

TS a2y + (1/2)*1og(2"pi*s.sigsar) + m_sigsar

% evaluate the negative free energy
VFE ~(TL+ T2 + T3 + T4 + T5);

end

function [t_k] = backtrack_vFE_m_theta(x_k, s_theta, ms_sigsar, vfearg, df x_k, p_k,c,rho)

& This function eval
& for the v

tates the backtracking step-size of a Newton search
nal expectation of the free energy function vFE

% Inputs
% x_k

% s_theta
s

% vfearg

% df x_k

# p_k

% c :

% rho I SEa Snstem in 301t

% output
m. tk : backtracking/Armijo step-size

% Copyright (©) Dirk ostwald

. svaluation of f(ck)
Tl VFEQc_k, S_theta, ms_sigsqr, vfearg):

& initialize step-size
tk 1

% cvaluatmn of fo (ktl)) given the initial step
[ ke k. o theta, né_sigear, viearg):

ant. decroase of the objective function and reset stsp-s
> ok + otk (dfock™p_k)
rho;

vEE(x,k«,k«;z,k. s_theta, ms_s

jsar, vfearg):

function [t_K]

= backtrack_vFE_ms_sigsqr(n_theta, s_theta, x_k, vfearg, df x K, p_k,c,rho)

tion evalutates the backtracking step-size of a Newton search
nal expectation of the free energy function vFE

n_theta array of sdditional vFE argunents
% s_theta array of addi E argunents,
% Xk rray of | func(lun argunents

m vfearg onal input

m of x_k : rray of Tunction gradlen( at x.k
m. Pk © search directior

m. c scalar constant

% rho : scalar constant

W
% Output
m. tk  : backtracking/Armijo step-size

mﬁ Copyright (C) Dirk Ostwal

i evalustion of f(ck
Tk Reln_theta, s_theta, x_k. vFeargy:

lize step-size
1

Tk

% cvaluatmn of 10t 9 ti
fx. Feq theta, 5.1 et xb PR k"D k. viearg):

 check sufficient increase of the objective function and resst step-s
wh P o Fk o et eaf X kep k) 11 TsnanCEx K p 11 % K(2) + € kep (@) < 0:
:_k*rho

= VREQr theta, s_theta, x_k+t_k*p_k, vearg):

f:x, <p_1
end

end

fgsar +.5_sigany((y -
hetay”

e aiguar + n Sighar

heta)**(y - h_m_theta) + trace((Jh_r
thet
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heta*Jh_m_theta)*s_theta));
eta) + trace(sig_theta\s_theta));




PDDE_5.m — ERP-DCM dipole moment estimation (Figure 9)

func

n pdde_5_R1

% This function inplements the estimation of dipole moments in a basic
% delay differential equation ERP model

% # Copyrignt (¢) Dirk Ostvald

Close an

% set the randon nunber generator for reproducible sanpl
reset(RandStrean. getGlobalStrean)

% invoke Fieldtrip
addpath(genpath(ful

e(pwd, *

ieldtrip®)))

n: Model Formulation

% neural model structure and paraneters
W

% structural aspects and fixed parameters
nf.f = gspn_fx_erp;

L %
nfins %
n_f.dt %
m_f.pst %
m_f.nt H %
nfin %
nfin %
n_f.ons %
n_f.dur %
m_f.x SDarse(m f.n.m_f.m); %
nfR %
nfs %
nfT 0.07 -0.82]; %
nfe 002 %
nfH 018 %
m_f.0 -0.06 %
nf.AQY %
nf.AR) %
n_ A3} zeros(2.2)} M
nf.c o M

% forvard model structure and paraneters
W

isting dipole model
“dip_nodel_struct.mat*))
mod t.vol;

2017 Sovsh -o. 173°; n:
= [-0.100000-0.46 0 1]; n:

% likelihood model parameters

theta [0.02 -0.05 -0.04]"; 5
Tengtn(theta); n:

sigsar n:

n = m X nten_g.ne; n:

% prior fornulati
W

nu_theta
sig.

nu’si_sigsar

% fixed forn va
W

sart(eps); %

M

M

vareps %

vardelta %
% Model Realization

= erp_h(n_f,n_g,th

M
h_theta_fg eta);
y = mvnrnd(h_theta_fg, sigsarveye(n)”;

Data Visualization

nitialize figure
figure
(fig, “Cofor®, [1 1 11)

% evaluate latent data
Ir theta..ul = erp_f(n_f);

_theta_f_s1 = f_theta_f(:,1:2:end- 1)
_theta_f

f,theta,f,sz

% Input functi

suhDIot(Z 2 1)

Sindi .pst(x) m_f.pst(end)1)
HeleCa': “Fonthaner, “Calibri Light",

JFontSize™, 24, ~Fontlleight, “Normal

xlabel("Tine [s]:, -Fontsize®, 24, “Foitlane® Light*)
tabel ("a.u." nt 24, *Fonthane® gnt*)
set(gca, Fun(srzc 20 'Fun(Naw: . calibri qunt )

# latent variable evolu

suhpln((Z 2.2)

plotg et 1 theta £ s1)

vst(end)])

*FontNane*, “Calibri Light",
“FontSize*, 24, "FontName*,

e, 24, “Fonth: “cal
. 20, ‘FontNane*

e s e
sabelCTine T

ylabel("a
Larcges, Fonisize:
ylin([-10 401)

subplot(2.3,5)
fot(n_f.pst,T_theta f s
([m 1 pst(l) o f pst(end)])

neural evolution function
nunber of time bins

tine bin length (sec)

peristinulus tine (nsec)

nutber of tine points

nunber of ncural masses

nunber al states per neural nass

systen muu( or\se( (n
s on (ui

)
ith) of the input function
¥ ecandition
nput function paraneters rho.

source-specific excitatory and inhibitory
dependent. intri

forvard

nput. connect

forvard model spe
sensor space spec
electrode labels
trodes

n matrix
ate speci
dipole noment speci

state weighting speci

dipole noments S1
nunber of paraneters

rue, but unknown, data variance
nuTber of data point

¢ expectation paranster setting theta
ancen paraneter setting theta
Prior Shape and Scale parameter Setting \signa~2

maxinad nunber of fixed-forn v Newton algoritim
er:

Tescinal nimber of Noweon Htorations for (n_sigsar.,

¢ Hessian modification constant

gradient norm convergence criterion
paraneter norm change convergence criterion

D

“Normal*)

“Catibri Light*, “Fontsize*, 24, “Fontlieight®, “Nornal*)
S CRonesists, 4t “Calibri Light*)
habel(-aru. s FontSizer o4, Fonthane’s CAlibIE LighE')
set(gca, “Fontsize®, 20, ‘Fonthane®, -Calibri Light")
ylin([-1 51)
% observed variables evolution
subplot(2,3,3)
gesc(n f.pst, 1:nunel(n_g.elab),spn_unvec(y, NaN(n_g.ne,n_f.nt)))
(In_f | pst(l) n_f.pst(end)])
co
u T Lontnane: , catiors Light, “FontSize*, 24, “Fontlieight”, “Normal®)
ylabeleb, \au”, “RStation’, 0, “rontere, “Caliori Light, “FontSize*, 24
Xlabel(*Tine [s]*, “FontSize*, 24, “FontNane’, “Calibri Light’)
ylabel Elcctrndcs *Fonthane*, *Cal ght: 24)

set(gea, "Font “Fonthare® ,
& selected electrodes
6

subplot(2,3,

_un, ec(y. NaN(n_g.ne,m_f.nt)):

pst, data(eo
xllm([m £ pst(l) = f.pst(end)])

Y. Fontiane®, “Calibri Light", ‘FontSize", 24, “Fontieight", “Normal

ne el Fontsize, 24, “Fonthape: . -calibrt Lignt-)
(*\muv*, “Rotation®, 0, "Fonth fibri Light™, “FontSize", 24)

LRGeS, Tronisiver 20, Hrontuancrs ~caiibr Lighty

% VEAL iteration 0

rg.si_sig
vfearg. theta

% paraneter iteration arrays
s_theta_ Nal

D

n_theta opt:

2
paraneters
tine constants
receotor densities
ty paraneters

ation
s_sigssar) opti
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% User update

fprintf(*Fixed-forn VB Newton Iteration %4.0f ... \n*, i-1)

& Analytical update for theta f variational variance paraneter

% evatuate the variationsl variance update equation for the current choce of n_theta

g, Spn_unvec(n_theta, theta)) o theta, 1)))
nv(si

e Cre ok sar I3+ (15 e St B35 G thera o . hetay g_theta)))):

% inforn user
Tprintf(-

& Newton

hed. \n")

ne search for theta f variational expectation paraneter

forintf(" Estimating q(n_theta) expectation ... *)

# save ¥terand and objective function
n_theta_j(:,1,i-1)
Fom_t 1

% nunerical gradient and Hessian of the negative free
dF_n_theta full (E(r_theta) VFL(n theta, 5_theta, ms.
_theta full (spn_cat(spn_di ff(8(n_theta) VFE(n_theta, s_theta, ms_s

= vFE(m theta,s_theta, ns_sigsar, vfearg):

jsar. vfearg),m_theta,1)*)):
jsar. vfearg),m_theta, [1 1])")]

% Newton iterations 1,23, ...
if norm(dF_n_theta) >= vareps
i = 2imaxj

% gradient search direction
)J = -ddF_n_theta\dF_n_theta;

& Hess cation if p_j
if (DJ"‘UF n_theta < 0)

not a descent direction

based on spec
aiF n theta + max(o. Cdelta - mln(elg(ddF

% diagonal Hessi
ddF_n_theta

- theta))) eye (@)

% re-evaluate Newton search
p_j = -ddF_n_theta\dF_n_the

end

# backtracking evalustion of the step length
i acktrack_vFE_m_theta(n_theta, s_theta, ms_sigsqr, vfearg, dF_m_theta, p_j.c.rho):

% perfom parsetor updata
m_t m_theta + t_i*p_i:

% nunerical gradient and Hessian of the negative free ener
- n_theta Full(spn_cat(spn_diff(s(n_theta) VFE(n_theta, s_theta, ms_t
Tull(spn_cat(spn_diff(s(n_theta) VFE(n_theta, s_theta, ms_t

sar, vfearg),m_theta,1)*)):
jsar. vfearg) n_theta, [1 113"));

% record updat
ta_j (

m_theta;
Fon_theta_iGi _theta,s_theta, ns_sigsar, vfearg):

if norm(dF_n_theta) < vareps || norm(n_theta_j(:.j,i-1) - m_theta_j -1)) < vardelta
end
end
end
% inforn user
EF(*Finished \n")

% Newton line search for signa"2 variational paraneters

fprintf("  Estimating q(signa’2) parameters ... *)

jsar, vfearg):

ar

Sexatuation of the current negative free eneroy gradient and Hessian wrt ne.sigs
dF_ns_sii = ful cat(spn_¢ gsar) VFE(n_theta,s_theta, ms_sigsqr, vfearg), ms_s EOLD)
P ms Sigsar T ot o AT ChneShgoar) FEQH theta.o theta, ne-sigoar. Vicaray, ne-sigsar, T 2>™»:

# fevton itorations 1.2.3,
if norm(dF. sar) > vareps
Tor K = 2man K

% Newton search direction
p_k = -ddF_nms_sigsqr

sar;

 fessian rodification If p.j is not a descent direction
i~k 0)

 diagonal Hessian nodiTication based on spectral decompositio
sqr = ddF_s v+ nax(0, (delta - mineigQddr. ne Sigsar) eye(2):

% re-evaluate Newton search direction
bk 9sqr\dF_ms_sigsar;
end

% backtracking evaluation of the step length
backtrack_VFE_ms_sigsqr(n_theta, s_theta, ms_¢

sqr, vfearg, dF_ms_sigsqr, p_k.c,rho);

% perforn Newton update
ms. = ms_sigsar + t_k*p_}

% update rena;

ng entries in free energy arrays
fu

ns-sigsar gsqr) VEE(n_theta,s_theta, ms_sigsqr, vfearg), ms_sigsa
ddF_ms_sigsqr = full(spr_cat(spn_diff(8(ns_sigsqr) VFE(n_theta,s_theta, ms_sigsqr, vfearg), ms. slwsqr. [1 1]) 2

% record updates

ms_sigsqr_k(:,k, ms_sigsqr;
F_ms_sigsqr_k(k. VFE(n_theta,s_theta, ms_sigsar, vfearg);

if norn(dF_ms_sigsar) < vareps || norm(rs_sigsar_k(:.k,i-1) - ms_sigsar_k(:.k-1,i-1)) < vardelta
ak

hed. \n")

% free energy update

F(i) = VFE(n_theta,s_theta, ms_sigsar, vfearg);

% user update

Fprintf(vFE %6.3F dvFE %6.3f \n*, F(|

W Algorithn Visualization

alize figure

gl
set(h, “Color®, [111])

% m_theta prior and approximate posterior

Subplot(2,3,1)
pla(ﬁ(mu (he(a(]) ru-theta(2), mu_theta(®), “ko", arkerfacecolor”, k)
G ta) ;

[ y z
hsurt = surf(x.y.
canlight headl ight
set(hsurt,"FaceColor*, [0 0 1], “FaceAtpha®,0.3)
grid
Viewcis 201)
axis squars

label(*\theta_{n_{1}}"{(1)}", *FontName"
ylabel( \thcta L {m_{2}3{(1)}". "Fonthame
Zabel(\eneta {n {3} {(1)}", “Fonthane,
Tl pvtnea DD, Name*, “Cal

o u(mu theta(1),mu_theta(2) ,mu_theta(3),2*sqre(s. 1)).2*sart (5. ). 2*5art (5.
2z, "EdgeColor”, “None®,FaceLighting", gouraud-);

20)

ontSize” “Rotation*, 0)
bri Lights antoeses, 54, 'Fontwelght' *Normal*)
Li )

set(gca, “FontSize®, 19, eomenaner ght”,
subplot(2,3,2)
hold on
plota(n_theta(1),n_theta(2),m_theta(3), “ko*, “NarkerFaceColor, "k*)
plot3(theta(1) , theta(2) , theta(3), “k+-, “MarkerFaceColor®, “k*, “Narkersize*, 12)
lanbda = eig(s. theta);
1_theta(1),m_theta(2) ,m_theta(3) 2"9\1rt(5. (1)) 2%Sart(s. (2)).2%sart(s. @
surf(x.y.z, "EdgeColor®, “None®,"FaceLighting",gouraud*);
([0.019 0.021])
[-0.051 -0.04667)
]
o
v ew([45 20])
Setcgea, “Fontsize®, 19, “Fontlane®, “Calib
xlabel(*\theta_{n_{1}}*{(1)}", *FontNane*, 20)

abel (“\theta_{n_{2}}*{(1)}". *FontName" .

20)
tleC"a(\theta_n"{(1)})", "FontNane®, *Calib “FontSize®, 24, *FontWieight”, *Normal®)

% signa™2 prior and posterior

sigsar_pri nspace(le-3,6e2,1e2);
p_sigsar_pri Tognpdf(sigsar_pri, i si_sigsar(1) . sart(ru_si_sigsar());
sigear_pos ace(le-6,0.2,

100nPaF(S1gsar_pos. ma._sigsar(l) . sart(ms_sigsar(2))

95ar_pos.

subplot(2,3,3)
he

Tine(sigsar_p gsar_pri, “Color®,"b%)

W current axes,

i xcotor

23



ax1.Ycolor
ax1.Fonthane
ax1.Fontsize

“calibri Light®

axt_pos - n;
xlabel("\signa2; 'Fun(Na'ﬂ -, *calibri Light* e “Color®, "k*)
a2 o Pomtion: i pos. XAxisLocation: “tos? . VaxiaLocation”, “right*, Color", “None* . “Fontiane* , “Catibri

ax2.xcolor
ax2.YColor
Tine(sigsar_pos, p_s

e
9sqr_pos, “Parent”,ax2, “Color”,*r")

% m_theta variational free energy ascent on first VBNL iteration
W

% Newton iteration 0

_min,n_theta_1_max,n_theta_1_res);

nspace(n_t (he(a 2
NaN(res, res]

n,n_theta_2_max,n_theta 2 res);

1), mu_s

gsar, vfearg):

) = VFE([n_theta_1_spacel

for j = l:ires
VFE_m_theta( m_theta_2_space(i) m_theta_j(3,1,1)]", s_theta_i
a
end
SUbpIot(2,2,4)
surf(m theta_2_space, m_theta_1_space, -VFE_m_theta, "EdgeColor®, “None

)
plot3(n_theta_j(2.1.1). n_thet: n_theta_j(1.1). "ko-", “MarkerFaceColor®
axis tight
alpl

20, *Fonthane, *Calibr
*Fonthane* |
e, F

bri Light")

in,m_theta_1_nax,m_theta_1_res);

_theta_2_min,m_theta_2_nax,m_theta_2_res);

= i:res
VFE_m_theta(i,j) = VFE([n_theta_1_space|
end

gsar., vfearg):

n_theta 2_space(i) m_theta_j(3,2,1]", s_theta
end
suhpln((z.l.ﬁ)

5urf(m theta_2_space, n_theta_1_space, -VFE_n_theta, “EdgeColor®, “None
PIOt3(n_theta_j(2,2,1), m_theta_j(1,2,1), -F_m_theta j(2,1), "ko-*, “VarkerFaceColor*

alpha(.6;
view([-30 60]
xlabel(*n_{\theta 2}", *Font: 24, *Fonthame®,

*Fonthane* |

cal
set(gca, “FontSize*, 20, "FontName®, *Calibri Light")

% van nal free energy

éuupm(z,a,e)

pa(( Fazendy o, “larkerfaceColor, ")

ﬁ ﬂe( F(W \thcla"(( )} \Slw'a \lhctﬁ”((l)} m_{\sigra"2}*{(i)}. s_{\sigra"2}*{(i)})". "FontName®, “Cali
For bri Light”)

5el(gca, Fomeaiser 20, Fomenme:

% renove Fielderip
W

rmpath(genpath(ful Ifile(pud,

subfunctions

n [h_theta_fg] = erp_h(n_f.n_g,theta)
& This function evaluates the expectation paraneter generating function

% h : (theta ftheta g) |-> h(theta f.theta_g) := vec(g(theta_g)*F(theta f)

% of the delay differential equation model for ERPs

m. Inputs

m. nf atent neural model structure
m. ng forvard model stru

% theta : model parameters

% outputs

m. h_theta fg : evaluated function

mﬁ Copyright (C) Dirk Ostwal

% svatonts component Fanations ¥ and o

[f_theta_f erp_f(n_f);

g_theta_g erp_g(n_g. theta);

% evaluate concatenated func

h_theta_fg = led4=spn_y vec(l(heta o*f_theta_f");
end

n [f_theta f,u] = erp_f(n_f)

% This function integrates the neural evolution function of the delay
% differential equation model for E tis b _gen_
% the s bution. Based on a given parameter setting th
% generates an me-course and integrates the resul
al equation systen.

m. Inputs
% n_f latent neural model structure and fixed parameters
% theta free latent neural model parameter

W

m. outputs

m. ftheta f - ew: el

m. u evaluated system input function

W

% Copyright (C) Dirk Ostwald
W

 constant paraneters
theta R

22
|

Ay

2
3
"

theta.A{1}

theta.A{2}

theta A{3}
eta.C

535333

a3
4

% evaluste pert-stimlus tine fnput function
t 1 m_f.d0)*1000;

delay F one (1 25 theta. (L 1)
scale m_f.dur(1)*exp(theta.R(1,2))
u = 32*exp(-(t - delay)."2/(2*scale"2))":

% integrate systen
x

m_f.x :

T nr.r H

dr n_f.dt :

[fx.dfdx,D] F(x,u(1), theta, :

P maxi abs(real(elw(fulI(dfdx))))) i

N cei (max(l. 5

n spn_lengthy Dw

Q G expvn(d('D'dfﬂxlN) - speye(n,m)*spr_inv(dfd) ;%

v spm, e

y 2 RNCIengEhey) . Tength(id) i % initialize state tine-course

% cycle over tine-steps
for i = 1isize(u,1)

0 uudate dx = (expn(de*d) - D* IV Fx,u)
for

v+ QuF(v,u(i)  theta,n

% transpose
_theta_f =y

end

function [f,,0] = spn_fx_erp(x,u.P.l)

% state equations for a neural mass model of erps
% FORNAT [f,.D] = Spr_fx_erp(x,u,P,i)

5
nterneurons]
tory interneurons) depolar
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% x(:,9) - voltage (pyramidal cells)
“r - dx()/dE = (D)

%3 - df(/dxt)

%D - defay operator dx(t)/dt = F(x(t - d))

% = D (D))

%

% Prior fixed paraneter scaling [Defaults]

% M.pF.E = [32 16 4]; § extrinsic rates (forvara, backiard. lateral)
% N.pF.H = [1 A/s 174 1/417128; % intrins

% W.PF.D = [2 16] propogation dclays Gt

# MpEc = [ % receptor

% M.pF.T = [z naptic constants (exci

% WpFLR = [ : % paraneter of static non

%

% Davig 0, Friston K3 (2003) A neural wess nodel for WEG/EEG: coupling and
% neuronal dynamics. Neurolmage 20: 1743-1755

% Copyright (C) 2006 1

cone Trust Centre for Neuroinaging

& Karl Friston
$1d: spr_fx_erp.m 5369 2013-03-28 20:09:27Z karl $

% get dimensions and configure state variables
n = length(P.A(1D): % nunber of sources
x SpI_unvec(x,ox); % neuronal states

% [default] fixed parameters

E = [1 12 1/8)*32; rates (forward, backward, lateral)
G [1 4/5 174 1/4]+128; o o8

D

H

T

R % paraneters of nonlinearity

% test for free paraneters on intrinsic connections

G G.*exp(P.H.

G ones(n,1)*6;

% no exponential transforns to foster parameter identifiab

ALy PLACLE(L):
A2y PLARYE():
A3} P.AGYER):
c =P

trinsic connect

y and paraneters

T(1)/1000%exp(P.T(: . 1))
Ti T(2)/1000%exp(P. 1( 21

He = H(1)*exp(P. G

Hi H(2)"exp(P6( z)) % inhibitory receptor density

% pre-synaptic inputs: s(V)

S = 1./ + exp(-RAY*(x - R(N) - 1./( + exp(RO*R(2))):

% exogenous input

——Ey
% State: f(x)

# volitage changs (spiny stellats cells)
% pos tage change (pyramid:

: voltage change (pyran
U - G - X e e i % current tellate cells)  depol
(Ne “((A(Z) + A(Q))"S( 9) + G - 2x(:,5) © X(:.2)./Te) i % current depolariz
. - 2°x(:.6) - Ti s current nyucrpala

s voltage
s current

7)./Te)./Te

e
spn_vec(f):

te recursion of spn_diff

% avoid infil
if nargout < 2
return

end

% Jacobian

3= Spn_AIFTQLT,x,u,P M, 1)

% delays

% Delay differential equations can be integrated efficiently (bu
& aeproinateryy by absorning. the detay oporator ints. tne Jiconian

b s

: Ao
%3 = Q(d)df/cx

% Inplenent: dx(B)/dt = F(x V(L + D AFA)*F(X(D)
% =

(t - d)
QF = QI(O)

Q = spr_inv(speye(length(3)) + D.*2):

end

function [g_theta_g] = erp_g(n_g, vartheta)

% This function evaluates the EEG forvard modst of the delay differential

% equation model for ERPS based on a structural fornulat e forward
% model and paraneter setting

% Inputs
% EEG forvard model structure and fixed parameters

ng
% vartheta EEG lead-field free parameters

% outputs
m. g theta g : evaluated EEG forvard model

% Copyright (©) Dirk ostwald

% constant paraneters
theta.Lpos = m_g.Lpos;

ta.| mg.L:
theta.) mg.3%

% free parareters
theta.L(1,1) varmeta(l)
theta.L(2,1) = vartheta(2)’

Ttheta La.1) = vartheta(sy:

% evaluate constants
s

nd e(theta.L,2) : % number of dipoles
ne size(n_g.sens.chanpos, 1) i % number
dp = le-3*theta.Lpos i % dipole coordinates adjusted for fieldtrip
# conpute canonical dipole fead-Field u 1dtrip
L c: NaN(ne, 3,nd

= ft_compute_leadfield(dp(:.i)". m_g.sens, m_g.vol)

% rescate 4 according t
=L can“(w’\l) —mund(|Dg10(max(max(max(abs(L can)))/8)/1):

% evaluate channel predictions based on dipole moments
P :

% evaluate g(\theta g
theta_g kmn((he(a 3L

n [vFE] = VFE(n_theta,s_theta,ms_sigsqr,vfearg)

& This function evaluates the variational free energy for ERP-DCH toy
% problen
W

% Inputs
%

%

handle
T expectation for theta
r variance for theta
araneter for s|
scalar prior shape paraneter for signan2
true, but unknown, parameter structure

: scalar negative variational free energy

%
& Copyright (C) Dirk Ostwal

% unpack input structure
m ms_s

25



22%

ki
I

2

E uuheta

SiSigsar
theta

i
vfearg. thet:

% evaluation of the mmher data points and paraneters
n

o
P Sizeqn theta,13;
# evalutate h(n_theta) and (n_thets,
e ( 6.9, SPr unvec(m theta, theta)
(spn_cat(spn_diff(a(n_theta) erp_t h(m F.m_g.spn_unvec(n_theta, theta)),n_theta,1)));

m_ther
S T theta

% evaluation of the variational free energy value
hes -(n/2)*1og (2%

- 72y, *exp(-n_sigsqr +.5%s_s

] ~(p/2)*10g(2* ~ (/2 Tagdetcsig_thetay) - (JIz)*((m theta - my |_theta)**invi
T3 = QU2 logGpi’si_sigsar) - s * sigsqr)*(s_sigsar + (m
T4 1, 0 _theta)) 1)

TS a2y IR TERII ARG R

 evaluate the negative free energy
VFE S(TL+ T2 + T3 + T4 + T5);

n [vFE] = VFE_terns(n_theta,s_theta, ms_sigsar, vfearg)

% This function evaluates the variational free energy for ERP-DCH toy
% problen

W
% Inputs

structure with fields

scalar prior scale paraneter for signar2
scalar prior shape paraneter for signat2

© structure with fields

% B + scalar accuracy tern A
% i scalar accuracy term B

% 12 luence n_theta
% 13 Scatar uence ns_sigsar
% R Sealar brtropy acehets)

% .15 scalar ent gma”2)

% VFE : scalar varla(lunal frcc energy

vfearg. the

% evaluation of the mmher data po

ts and paraneters

i
Zean. theta. 1;

# evalutate hen_theta) and J"Iv(w (heta)
h_n_theta

Jn_m_theta

heta, thet:
b I(spm Cat(epn GHTFE(n thetad erp. T h(m £.m_g.Spn_unvec(n_theta, theta)),n_theta,1)));

% evaluation of the variational free enorgy Valuc
0g(2

VFE.T WEmsloe | - G2 enCasigar S slonne( - b theta)™ () - theta)
VFELT2 gsar +.5%. slgsqr) (tr: Ih_o.theta)-s_thata)

VFET3 e koo ana Thotayy o (i/ectn D% thetay+invgi

VFETA S logCoupilsi_sigsqr) - 5 eagear L et

VFE.TS )*log(det(s_t theta)) + (p/2)*1og(2*pi*exp(1)):

VFE.T6 /2, + (1/2)*log(2*pi*s_sigsqr) + m_sigsqr

% evaluste the postitive free energy
Vi VFE.TL + VFE.T2 + VFE.T3 + VFE.T4 + VFE.TS + VFE.T6;

end
function [t_k] = backtrack_vFE_m_theta(x_k, s_theta, ms_sigsqr, vfearg, df x_k, p_k,c,rho)

& This function evalutates the backtracking step-size of a Newton search
& for the vay nal expectation of the free energy function vFE

% Inputs

% xk on argunent

% s_theta onal VFE argunents
ﬂe ms_sigsqr onal VFE argunents
ﬂe vfearg 3

ﬂe of x_k p_f x 1 array of function gradient at x_k
% pk search direction_

% c : scalar constant in 10,1[

% rho $ Scalar constant in J0.1[

% output

m tk  : backtracking/Armijo step-size

%

% Copyright (©) Dirk ostwald

. evaluation of £ )
Tx,

k)
VFE(x_k, s_theta, ms_sigsqr, vfearg);

% initialize step-size
tk

% evaluation of T(x (keD)) given the al step size
Kp_1 VFEQGCK + tk*p_k, s_theta, ms_sigsqr, vfearg):

eck sufficient decrease of the objective function and reset step-size
c

while £x kp 1> £k + k@RI
tkerho;
f,x,k,p 1 = VFEGkHt_k*p_k, s_theta, ms_sigsar, vfearg):
end
end

n [t_k] = backtrack_vFE_ms_sigsqr(n_theta, s_theta, x_k, vfearg, df x K, p_k,c,rho)

% This function evalutates the backtrac tep-size of a Newton search
% Tor the varfational expectation of the free energy function vFe

I Inputs
% n_theta array of additional VFE argunents
% s_theta array of ad VFE arguments
% Tk array of functlon argunents

ﬂe vfearg onal input. for

ﬂe of x k Tay'of function gradlen( at x k
ﬂe Pk Searen direction

% c scalar constant in 0,10

% rho : scalar constant in 10,1[

W

% output

m tk  : backtracking/Armijo step-size

% Copyright (©) Dirk Ostwald

i evaluation of f0cK
fx.

Retn_theta, s_theta, x_k. vFeargy:

4 evaluation of FO (D)) given the initial step size
fx. FE(n_theta, s_theta, x_k + t_k+p_k, vfearg):

 check sufficient increase of, the objective function and reset step-size
w > ok ¢ LTI 1 isnan(fCp DI ) ¢ k@) < 05

vFE(m theta, s_theta, x_ ket k"p_k, vicarg):

sqr)*((y - n theta) (y - hn theta) 4 trace((Jhn_theta" ah
m_theta - mu_theta) + trace(sig_theta\s_theta)
gsqr = mu_sigsqr)n2);

heta)*(n_theta - nu_theta) + trace(sig_theta\s_theta));

gsar - Mu_sigsar)A2);
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PDDE_6.m — ERP-DCM forward connectivity and dipole moment estimation (Figure 10)

% This function inplements the estimation of forward connectivity and
% dipole morents in a basic delay differential equation ERP mode

I Copyright (C) Dirk Ostwald

clc
close all

# trn of matrix

nversion warning - these cases result in extrenely smal
h in turn result in algorithn convergence.

varning off

the randon nurber generator for reproducible samp
Fesot(Randstrean. gorctobatSercany

ng results

& invoke Fieldtri
addpath(genpath(fullfile(pd, “Fieldtrip’)))
W Model Formulation

% neural model structure and paraneters

W Structural aspects and Tixed paraneters
= @

nf.f spn_fx_erp # neural evolution function
nfons 00 % nunber of time bi

n_f.dt 0.00: 4 tine bin tength (ec)

n_f.pst 0:n_f.ns-1)*n_.dt; % peristinulus tine (nsec)

n_font = fength(o_t-psty; % nunber of tine points

nfon % nunber o masses

nfn i % nurber of neural states per neural mass

n_f.ons -io % systen input onset ()

n_f.dur % duration (ridth) of the input function

nfix

nfR unction paraneters rho_1 and rho_2

nr.s earity (activation function) parameters

nfT specific excitatory and inhibitory time constants
nfG Source-specific excitatory and inhibitory receotor densities
nfH dependent intrinsic connectivity paraneters

nf.D % betueen source delay paraneters

n ALY % foruard _connectivity

n LAY % backward connectivity

n_fAG} % lateral connectivity

nf.C % input connectivity

% forvard model structure and paraneters

% load an existing dipole model

Joad(fulleile(ed, “Data’, “dip nodel struct.at'))

m_g.vol d % forvard model speci fication
sensor space spec

electrode labels

Hunber of electrodes

m_g.sens

numel(n_g-elab);
zeros(n_f. —n m_g.ne, 3*m_g.ne);
[42 -31 58; 54 22 18]"; % di
[NaN NaN NaN: 0.17 -0.50 -0.17]"; % dipole morent specification

=[-0.100000-0.460 1]; % state weighting specification

ood model parameters

[10.02 -0.05 -0.04]"; & forvard connectivity S1 -> S2, dipole moments S1
fengthcthota): % nunber of free paraneters

sigsar = % true, but unknown, data variance

n Wt aem o ne: % nunber of data points

% prior fornulation

mu_t = zeros(p,1); % expectation parameter setting theta
sig_theta eye(p)*ie3; % brior variancen parametor setting theta
mu_si_sigsar [0:-11: % prior shape and scale parameter setting \signa"2

& fixed form va

onal Bayes Newton algorithn paraneters

ma_ % maximal nunber of fixed-forn VB Newton algorithn
nax i % maximal nunber of Newton iterations for m_theta opt
maxk % maximal nunber of Newton iterations for (n_sigsar. s_sigssar) optimization
delta sart(eps); %

c 1e-4; % backtrack

rho 1 & backtracking conetant rho

vareps. % gradient norn convergence criterion

vardelta % parameter norm change convergence criterion

% Model Realization

h_theta_fg = erp_h(n_f.n_g. theta); % data expectation

y = mvnrnd(n_theta_fg. sigsar*eye(n)) % data sanpling

save y y

return

M Data Visualization

[f_theta_f,u] Forp_taLr, theta):
T_theta_f(:
ff(hetaif(io,la 3

% Input function u

suhplot(z 0
ot(m.

([m bt ps((]) n_f.pst(end)])

ane”, *Calibri Lot -Fontsize
e, FontNane*
S0, “Rantaner a1
Caribri Lignty

“Fontlied

ht*, “Normal®)

Xt abel( Tine
ylabel ("a.u.
set(gca, “Fontsize®, 20, ‘Fonthare

% latent variable evolution

suhplot(z 32

e
u (Ie( x"((l)) ;. Fonthane”, “Catibri Light', “Fontsize", 24, Fonti

ght*)
Siaben

.pst(l) m f Dst(end)])

ght", “Normal®)

me [s]:, “Fontsizér, 24, Fonthane!, -Ca
B . A

et(gca, -FontSize®, 20, “Fonthame®, “Calibri qunt)
yhin([-10 40])

subplot(2,3,5)
pIOT(n_F-pst. T_cheta f 2
X

st(en )])
Fononaner s Ratibri Lignt, “Fontsize”, 24, sfontie
ot 24, ~Fonthane’, “Cablbri Light

ht*, “Normal®)

% observed variables evolution

subplot(2,3,3)
gesc(n_f.pst, 1:nunel (n_g.elab),spn_unvec(y. NaN(n_g.ne.m_f.nt)))
(I, 1SS n_f-pstCend)])

Ttrec i, O nenaner , Catior Lignt-. “Fontsizer. 24, Fontleight:, Nornal )
ylabel(cb, "\nuv", "Rotation®, 0, “FontName®, *Cal h ontSize”, 24)
Xabel("Tine [s]; ‘FontSize; 24, -Fonthane’. “Calibri Light’)

*Electrodes®, “Fonthare®, “C: it t. 20y
set(gea, "FontSize*, 20, *FontName®,

bri Light” )

& selected electrodes
subplot(2,3,6)

e0i):
= Sounvec(y, NaN(n_g.ne.n_f.nt)):

st, data(eoi
R PSEC) 1 Fpat(enay)
“Calibri Light®, "FontSize*, 24, “Fontlleight”, “Normal®)

x1
title(
|egem1(eo Iah)

[s1°.

xtabel (" Tine tSize®, 24, “Fonthame®
ylabel (*\nuv*, "Rotation®, 0, “FontName®
set(gea, "FontSize®, 20, ‘FontName®, “Cal

Calibri Light
eaifort Lighe”
bri Light")

»
“Fontsize®, 24)

W VBNL iteration 0

% initialization of the variational parameters to prior paraneters
heta = nu_thet:

Vrearg. theta

% paraneter iteration arrays
s_theta

ntheta_j = NaW(p,max_j max_
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NaN(max_j ,max_t
NaN(2,max_k,max_i-1);
NaN(maxik max_i-1);

# initiatization and inftial svalustion of the negative fres eneray
= N -1

F(1) = VRE(n theta, 's_theta, ns_sigsar. viearg):
m VBNL iterations 1,23, ...
for i = 2:max_i

% User update

Tprintf(*Fixed-forn V8 Newton Itera

n 44.0F ... \n",

BN

% Analytical update for theta f variational variance parancter

% evaluste the varfstional varfsnce updste equation for the current cofce of n_theta
TorintfC  Estinating q(n theta) variance

pm_¢ m_diFF(a(n_theta) erp_h(n_f,m_g, spn_unvec(n_theta, theta)),m.
spm UCCoxpC e s.gsqroy(uzyms 51050 (2))*(Ih_n_theta*=Jh_n_theta) + (spm nv(slg theta):

n,
s e

% save iterand and objective function
;_theta

Fs_theta i(i-1) = VFE(n_theta,s_theta, ms_sigsqr, vfearg):

Torinte(-Finished. \n°)

% Newton line search for theta_f variational expectation paraneter

fprintf(*  Estinating q(n_theta) expectation ... *)

# save ¥terand and objective function
m_theta_j 1)

B D C VR theta.s_theta, ms_sigsar. vieara):
4 nunerical gradient and Hessian of the negative free ener
_thet: spn_ 18 VFEQh theta, 's_theta, ms_sigsar, viearg).m_theta,1)"));

jsar. vfearg),m_theta, [1 1])")]

i 7 theta bt Lo catCopr_di T a(n_theta) VFECh theta, o-theta, ro

% Nevton iterations 1,23,
it norm ta) >= vareps

% Hessian modification if p_j is not a descent direction
i ~(p_j"*dF_n_theta < 0

% dtagonat Hess! ation based on spectral decompos
ddF_s a1 et DxC. Cdelta  minCelgCad . theta)) eye(ds

% re-evaluate Newton search direction
)J = -ddF_n_theta\dF_n_thef

end

 backtracking evatuation of the step teng
backerack vEE-n_theta(n_theta, s_theta, ms_sigsar. vfearg, dF_n_theta, p_j.c.rho):

% perforn parancter update
m_t Ltheta + t_j*p_i;

fessian of the negative free energy
spn_cat(spn_diff(8(n_theta) VFE(n_theta, s_theta, ms_:
full (spn_cat(spn_diff(8(n_theta) VFE(n_theta, s_theta, ms_t

% nunerical gradient and
dF_n_theta fu
ddF_n_theta

sar. vfearg),m_theta,1)*)):
jsar, vfearg),m_theta, [1 11)")):

% record updates
ntheta jC:od.i-L
F_m_theta, 1

3G
if norm(dF_m_theta’*p_j) < vareps || norm(n_theta_j
break

m_theta;
VFE(n_theta,s_theta, ms_sigsar, vfearg);

-1) - m_theta_j

-1)) < vardelta

end
end

% inforn use
fprintf(finished \n)

% Newton line search for signa’2 variational parameters

fprintf("  Estinating a(signa"2) paraneters B

# save Ftarand and objective function

gsar
13 Vreqn theta,s_theta, ns sigsar, viearg):

o
e, Sigear kL

SpSuatuation of the current negative free eneray gradient and Hessian rt ne-sigsqr
dF. full(spn_cat(spn_di ar) VFE(n_theta,s_thet gsar, vfearg),
= full(spm_cat(spn_c mff(@(ms S1350r> VFE(n_theta, s theta, ms_sigsqr. vearg>, me_sigsar. [1 :

-_ns_sigsar

ddF_ns_sigsar

& Newton lteranons 1,2,3,

if norn(dF_ns_sigsar) > vareps
for

e

% Newton search direction
p_k = -ddF_ms_sigsqr\dF_ms_:

gsa

% Hessian modi
B ~(p_k*dF_ms_¢

cat

n i p_j is not a descent direction
jsar < 0)

% diagonal
ddF_ns_si

Hessian tion based on spect
G < GdF e Sigedr - naxCo. deTa - minCeraCade ne. Sigsary)yeye(2):

% re-evaluate Neyton search
Pk SQr\dF_ns_¢

end

% backtracking evaluation of the step length

backtrack_VvFE_ms_sigsqr(n_theta, s_theta, ms_sigsqr, vfearg, dF_ms_sigsar, p_k.c,rho):

% perforn Newton update
ms_s = ms_sigsar + t_k*p_}

4 update renaining entries in free energy arrays
oF gsar cat(spn_diff(a(ns_sigsar) VFE(m_theta,s_theta, ms_sigsqr, vfearg), ms_sigs
T ot o T Chne-Shgoar) FEQH theta.o theta, ne-sigoar. Vicaray, ne-sigsar, T 2>™»:

F ms. Sagear
% record updatas
-1)

f norm(dF_ms_sigsqr) < vareps || norm(ns_sigsar_k(:,k,i-1) - ms_sigsqr_k(:.k-1,
eak

ms_sigsar.
VFE(n_theta,s_theta, ms._:

oo Stgsar Kk, jsar, vfearg):

-1)) < vardelta

shed. \n*)
% free energy update

F(i) = VFE(n_theta,s_theta, ms_sigsar, vfearg):

% user update

- FG-1)

Fprintf("vFE %6.3F dVFE %6.3F \n", F(i). F(i
d

m Algorithn Visualization

% initialize figure
h=

qure;
set(h, “Cofor®, [1111)

% m_theta prior and approximate posterior

r and approximated posterior over theta(l)
Space(theta_min, theta_max, theta_res);

plotyy(theta space, pdf(*Normal”, theta_space, mu_theta(1) . sqrt(sig_theta(1,1))). theta_space, pdf(‘Normal®, theta_space, m_theta(1), sart(s_theta(1,1)))):

xlabel ("\theta it 'Fon(snze', 24, *Fonthame*, “Calibri Light")
legendC"pQ\theta -, “avtnets 1]
et(ax, “FontSize®, 20, “Fonthane®, "Cal

Light*)
subplot(2.3.2)

pla(ﬁ(mu theta(2) mu_theta(3) nu_theta(4), “ko®, “VarkerfaceColor®, k")
lanbda :

3

o_theta(2:4,2:4
psoid(nu_theta(2),mu_theta(3) mu_theta(),. 2sare(s
surf(x 2. Edgecolor”, “fone”. “Facel ighting”. gou a7
canlight head|
setchsurt, “Faceolor*. [0 0 11."FaceAlpha*,0.3)
ort

1)), 2*sare(s. J2*sart(s. >

Vieucr4s 201
axis square

“FontSize*, 24)

xlabe! 27, [Fontiane’, Tcatibri Lignt,
ylabel ("\theta 3", *Fonthane: ,

zlabel ("\theta_4*
title(p(\theta_2/ \theta_3, \theta_ 4)
set(gca, “FontSize®, 20, *Fontiane*

24)
. 24, “Rotation®, 0)
Light*, "FontSize", 24, *Fontiieight”, *Normal®)

subplot(2,3,3)

nlotz(m theta(2) . theta(S) " theta(4)
(4).

o NarkerFacecotor
plot3(theta(2) . the .

)
+ “MarkerFaceColor Narkersize®, 12)

Ranan  sasca thetacard.2-33:
[x,v:21 = ellipsolcn thétaCe) n_theta(s).n.theta(s).2-sart (5. 1)),2*5art(s 3. 2¢sqr(s. )
RerF Y Surt Gy 2, EdgeCorort -~ None:  FaceLig s

X1in([0.019 0.0211)

([-0.051 -0.0495])
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21
can ght’
set(hsurf, “FaceColor®, [0 0 1], *FaceAlpha*,0.3)
ar

20, "Fonthane
*FontNane*, *Cal
*Fonthane*

'Callbrl Lignen)
by

88

N Light’ ze® )
title("q(\theta_2.\theta_3.\theta A) *FontNarie®, “Calibri Light", "FontSize", 24, *FontWieight”, *Normal®)

% signa’2 prior and posterior

nspace(le-6,3e0,1e3);
ognpdf(sigsar_pri, mu i
nspace(le-6,0.2,1e3);

p_sigsar_pos = lognpdf(sigsar_pos. ms.sigsar() . sart(ns_sigsar(2)):

igsar(1) , sqre(mu_si_sigsqr(2)));

SUBRION(2,3,4)

1 ne(s|g5qr pri.p. 5|gsquJr|, “Color®,*b")
H current axes

axt_pos :
xlabel (\sigrar2”, “Fonthane, Cati brl  Lighe:
axes(e

TFomSizet, 24 “color®,
L "XAxisLocar Yaxis!

)
Location®, *right", “Color®, "None, *Fontiare®, *Cal

ax;
ax2.xColor
ax2_Ycolor T
Tine(sigsar_pos,p_sigsqr_pos, “Parent”,ax2, “Color*,"r")

% variational free energy

W
Subplot(2,3,[5 61)
hold on

“MarkerFaceColor*, “b"
! “MarkerFaceColor®, *r*)

t(CF_n_t

plot(-F_ns_
end

Ieﬂend( o (\thc(a} “(n_{\signa"2}, s_{\signa"2})")

“Loop Iteration®, “Fontsizer, 24, “Fontlane", “Calibri Light")
HeCE( Ateta” (). \signa et {(D]. 1 (stona’2 (D). 2 (eigra2 (D), “Fontiane, “ca

set(gea, FoniSizer. 20, “Fonthane®, "Calibri Light*)

% renove Fieldtrip

rnpath(genpath(Ful Iile(pud,

m subfunctions

n [h_theta fg] = erp_h(n_f,n_g,theta)
% This function evaluates the expectation parameter generating function

% h : (theta f,theta_g) |-> h(theta_f,theta_g)

vec(g(theta_g)*f(theta_f)

% of the delay differential equation model for ERPS

W

5 Inputs

% n_f latent neural model structure
m. ng forvard model structure

m. theta © model paraneters

m. outputs

% h_theta fg : evaluated function

W
% Copyright (C) Dirk Ostwald

% evaluate corponent functions  and g
[f_theta f, erp_f(n_f,theta);
g_thet: erp_g(n_g. theta):

# evaluate concatenated func

h_theta_fg opn vec(o ‘theta | g*f_theta_f);
end
function [f_theta_f,u] = erp_f(n_f, vartheta)

tes the neural evolution function of the delay
equation model for ERPs. It is based on Spm_g

on a given paraneter settin
tine-course and integrates the resulting delay

% generates an
% differential equation systen.
W

m Inputs
m nf latent neural model structure and fixed paraneters
m. theta free latent neural model paranmeter
5 outputs
% f_theta_f : evaluated latent neural model

u evaluated systen input function

% Copyright () Dirk Ostwald

% constant paraneters
theta R =

et nf.R:
theta.s ot
theta T e
theta G nfe
theta H nfH

eta.0 = mf:
theta.A{1} mf.A{LY
theta.A{2} nfAL
theta A{3} A3}

c nf.c;

4 free paraneters
theta.A{1}(2,1) = vartheta(1);

W evaluate peri-stinulus time input function
t (a:nfonsym£.d6)+1000;
= m_f.ons(1)+128*theta.R(1,1);

n_f.dur (1)*exp(theta.R(1,2));
32*exp(-(t - delay)."2/(2*scale"2))":

detay
scale
u

% integrate systen
x

nfx s
T nrr Y ospn_tx_erp

at n f.dt $ & Integration tine

[fx.dfdx.0] (x,u(1), theta, & Gt and Sacoman d/dx and check for dotay operator
P max(a (real(em(full(dfdx))))) %

N . %

n %

Q 5o expvn(d('D'dfﬂx/N) - speye(n,m)*spn_inv(dfdx) %

v Spm_y % initialize state

y = Raiong hev) . Tength@) W alize state tine-course

% cycle over time-steps
for i = lisize(u,1)

% update dx = (expn(dtrd) - D*INV()*F(x,L)
for
V= v Qv

end
y(. D)

Ltheta,n_f

end

% re-order according to sources
< i % number of

$ & Source spectfic state indices

f_theta f = [1:

s
f_theta f = [f_theta f; y(si(:,5),D];

n [£.3.Q1 = Spr_fx_erp(x,u.P.M)

W s uations for a neural mass model of erps
& FORUAT TFo0:0] Py

% FORNAT [f,J]
% FORNAT [f]
% x

- state vector
% x(:,1) - voltage (s

m 12) - voltage Gpyran
m 3) - voltage

% .4) - current (smny

18) - current Cinhi y interneurons) depolar
% x(:.9) - voltage (pyramidal cells)

w - d(O)/dt = F(D)

%9 - dF(E)/dx(t)

%D - defay operator dx(t)/dt = F(x(t -

% = D(d* f(x(l))

% Prior fixed paraneter scaling [Defaults]

lateral)

rates (furv-arﬂ beckyard,
94)

# paraneter of static nonlinearity
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ri Light", “Fontieight®, “Normal®,

ght”, "FontSize®, 20);

“Fontsize*, 20)



ton KJ (2003) A neural mass model for WEG/EEG: coup
- Neurolmage 20: 1743-1755

ng and

0, Fi
% neuronal dynar

% Copyright (C) 2005 Viellcone Trust Centre for Neuroimaging

# Karl Friston
% $Id: spn_fx_erp.m 5369 2013-03-28 20:09:27Z karl $

% get dimensions and configure state variables

x3

Tength(P.A{1}] % nunber of sources
SpT_unvec(x,M.x): % neuronal states

& [default]

ed paraneters

E = [11/2 1/8]*32; rates (forward, backward, lateral)
G 0L 478 1/a vajze:

D neic, extrinsic)

H . tory)
T naptic constants ( tory)
R

tory i
= [2 13/3: & phraneters of static nonlincarity

% test for free paraneters on intri connections

G.*exp(P.H.
= ones(n, H*

I transforns to foster parameter identifiab,

% no exponenti
W

PLACLYE(L

% intrinsic connectivity and paraneters

Te T(1)/1000%exp(P.TC: . 1))

N(Z)"exp(? s( 2))
s
1.7(1 + exp(-RD*(x - R()))) - 1.7Q1 + exp(RID*R(2))):

% pre-synaptic inputs:

s

& exogenous input

v = cruCy 2
% State: 00

4 voltage change (spiny stellate cells)
m. e

% ive vnltﬁwc change (Fyran d I el
e (spiny stellate ccllS)
% current change (pyramidal cells)

3 carrent charge v
% voltage char

W current changesnn
% voltage (pyramidal cells)

Te). /e

9)
S4)FSCLT) - 2 S)’><( 3)")

E-“((A(Z) * A(3))"5( L9) + 6(:,3).*8(:,9)) - 2*x(:,8) - x(:,7)./Te)./Te
f(-.9) x(:.5) -

& vectorize
T spn_vec(f):

% avoid infinite recursion of spi_diff
if nargout < 2

% Jacobian

3= Spr_diFFQLFLx,u P

% delays

erential equations can be integrated efficientl
% approxinately) by absorbing the delay operator into the Jacobian

%
B dx(e)/dt
W

FOx(E - d))
QDT

[T Qar/dx

De = D(2).*exp(P-D)/1000;
D(1)/1000;

i -
oe = kmn(anes(s 9).De);
D|

ye(n.n):

9\ tmplement: dx(t)/dt = f(x(t - d)
= 00O

V(L + DL dFdOF(x(E))

q‘ spn_inv(speye(length(D) + D.*1);

end

function [g_theta_g] erp_g(n_g, vartheta)

% This function evaluates the EEG forvard model of the delay differential
& equation model for ERPS based on a structural fornulation of the forward
% model ‘and paraneter settin

§ mpues
m. EEG forvard model structure and fixed paraneters
=

% Vartheta lead-field free parancters

% outputs
W

g_thetag : evaluated EEG forvard model

W
& Copyright (C) Dirk Ostwald

i constant paraneters

theta.Lpos = m_g.Lpos:
theta. L mg.
theta_J ng.

W free parareters

theta.L(1,1) = vartheta(2);
theta.L(2.1) = vartheta(3):
theta.L(3.1) = vartheta(4);

# evaluate constants

nd e(theta.L,2); % nuber of dipoles
ne e(n_g.sens. chanpos,1); & nunber of electrodes
dp = le-3*theta.Ly & dipole coordinates adjusted for fieldtri

% compute canonical
Lean = NaN(ne.3.nd

ole lead-field using Fieldtrip

L canc ,.) Ft_conpute_leadfield(dp

i), m_g.sens, m_g.vol);
end

# rescate lead field according to <7
Lcan = L can“(w’\l)"—rnund(|Dg10(max(max(max(abs(L can)))/8)/1):

% evaluate channel predictions based on dipole noments
L_dip = NaN(ne,nd);

& evaluate g(\theta_g)
n:

g_theta_g
ri o= 1:nd
g_theta_g = [9_theta_g kron(theta.J,L_dip(:.i))]:
d
end
function [VFE] = VFE(n_theta,s_theta,ms_sigsqr,vfearg)
% This function evaluates the variational free energy for ERP-DOM toy
% prob
%
% Inputs
m. n_theta
m s_theta
\ ms_sigsqr
5 vfearg

rior shape parameter fo
true, but unknown, parameter structure

% Outputs
m. VFE © scalar negative var

nal free energy

% Copyright (C) Dirk Ostwald
W

% unpack input structure
m_sigsar ms_sig:

vfearg. thet:

# evaluation of the nuber data points and paraneters
ze(y.

B Z Gret theta

% evalutate h(n_theta) and JAn(n_theta)
h_m_theta spn_unvec(n_theta, theta));
Jh_m_theta F(8(n_theta) erp_h(n_f.n_g.spn_unvec(n_theta, theta)),m_theta, 1))

'spm_cat(spn_d
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% evaluation of the variational free energy value
1

T —(/2)*1, g(2" /2y, _sigsar «.5vs Sigear)~((y - hn_theta):(y - hon_theta) + trace((hn_theta”+dhn
) ~(p/2)* 1o © R Toatietcsia_thetay - (1/2)'((m Coens mu_theta) " *inv(sig_theta)*(n_theta - nu_theta) + trace(sig_theta\s_theta)):
T3 = -(172; uw pi*si_sigsar) - m_sigsqr R e e M o et

T4 (1/2)"Iuw(det(s theta)) ~ + (p/2)*10a(2*pi*exp(1));

5 + (1/2)*10g(2*pi*s_sigsar) + m_s :

% sualuste the negative frae energy
VFE (T1 + T2 + T3 + T4 + T5);

n [tKk] = backtrack_VFE_n_theta(x_k, s_theta, ms_sigsqr, vfearg, df_x_k, p_k,c,rho)
% This function evalutates the backtracking step-size of a Newton search

% for the variational expectation of the free energy function VFE

W

% Inputs
m. xk array of function argunent

% s_theta array of additional VFE argunents
% ns_sigsqr array of additional VFE argunents
% vfearg fonal input for vFE

% df x k 1,rray of function gradient at x k
% p_k

% c

% rho * scalar constant in JO,1[

% Output
% tk  : backtracking/Armijo step-size

W
# Copyrignt (¢) Dirk Ostwa

% evaluation of o
Tk

k)
VFE(x_k, s_theta, ms_sigsqr, vfearg):

ze

alize step-:

4 evaluation of f(x (1)) given the step
fx kp1 = VFEGCK + t_k*p_k, S_t heta, ms_s

ze
gsar, vfearg):

# check sufficlent decrease of the ijcctlvc function and reset step-size
13 Tk s e x ko

- (
vFE(x it pk, s theta, ms <

> J‘,DJ

jsar, vfearg);

end
end

function [t_k] backtrack_VFE_ms_sigsqr(n_theta, s_theta, x_k, vfearg, df x_k, p_k.c,rho)

% This function evalutates the backtracking step-size of a Newton search
7l expectation of the free energy function vFe

% for the
9\ Inputs

n_theta array of sdditional vFE argunents
. s_theta array of I VFE argunents
m. Ck ray 75F Faneaton argunents
m vfearg ot Tor viE
% af x_k of function gradient at x_k
% Pk search direction
I c scalar constant in
m. rho © scalar constant
% output

© backtracking/Armijo step-size

W
# Copyrignt (C) Dirk Ostvald

% evaluation of £(c)
Tx,

k)
= VFE(n_theta, s_theta, x_k, vfearg):

% evaluation of T(x(keD)) given the
Txkpil FE(n theta, s theta, x K + T kopk, viearg):

% check sufficient inorease of the objective funct d reset step-size
unile Tk P o Fxk G ek ke ) 11 ssmanchx K p DI K + kK@) < 0F
K ke
T kp 1 - VFE( theta, s theta, x_krtk*p_K, vFearg);
end
end
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PDDE_7.m — ERP-DCM estimation of condition-specific effects (Figure 11)

function pdde_7_R1

& This function
% input connect:

plemants the estination of cu

fic latent
I equation ERP model

% Copyright (C) Dirk Ostwald

clc
close al
% set the randon nunber generator for reproducible sarpling results
reset(RandStrean. getGlobalStrean)

& invoke Fieldt
addpath(genpath (Ul Iiteqpvd,

W Vodel Formulation

% neural model Structure and paraneters

& structural aspects and
spr

ed paraneters
x_erp;

nf.f 2 % neural evolution function

n_f.ns 100 % number of tine bine

n_f.dt 0.002: % tine bi

m_f.pst (0zn_f.ns- 1)"m f.dt; % peristi e @

m_f.nt = Ieng(h( £.pst; & Pember of ine.pointe

mfon % nuber of neural masses

n_f.n % nunber of neural states per neural mass

n_f.ons % system input onset (ms:

n_f . dur % on (Miden) of th input function

mf.x n:

mfR W n paraneters rho_1 and rho_2

s n: nearity (activation function) paraneters
mfT  source-specific excitatory and inhibitory tine constants
.G % ry receotor den
nfH % ndep ergore TeCtIvITy parareears
nf.D & betueen Source detay paranetere

nf.X % mats

nfLA{LY n:

m_f.A{2} %

m_f.A(}H ¢ Jateral comect,

nf.B %

nf.c n:

# foruard model structure and paraneters

% load a_dipole model

TondCruT I IeCed, "DANS I dip nodel struct mat®y)

m_g.vol )_e %
m_g.sens. n:
g.el. n:
m_g.ne n:
m_g.x0 %
m_g.Lpos. %
g.L [o702" 0208 0.0 0.17"0.50 -0.171" %
ng.3 [-0.100000-0.46 0 1]; n:
% likelihood model parameters

= m_f.nt*n_g.ne;

& prior fornulation

nu_theta
sig_theta
mu_si_sigsar

161
[4.6:11;

% fixed forn variational Bayes Newton algorithn parameters

vareps kg

Vardelta %

% Model Realization

theta = »
Ieng(h((he(a) %

ncond m_f.x.1); o

#5¢ I
erp_h(n_f,n_g, theta)
mvnrnd(h_theta_fg,

sigsar
h_theta_fg
y gsqrreye(n*ncond))*

Data Visualization

lize figure
figur
. [11n

“Color®
array data forn for plotting

i
set(fig,

& evaluate cel

spn_unvec(y, {NaN(n_g.ne,m_f.nt) NaN(n_g.ne,m_f.nt)}
= erp_f(n_f,theta);

yo
[f_theta_f,u]

% cyele over conditions
for cond = 1:size(n_f.X,1)

% separate latent between sources

_theta_f _s1
T theta_f_s2

= f_theta_f{cond}(1:9
= f_theta_f{cond}(10:18.

ble evolution

% condition specific latent vas

suhDIO((3.4.(conﬂ—l)‘ﬂt1)

lot(n T_pot T theta T
FosiD
Htrec DY thane, “Calibri Lignt”,
xlabel e [ 1", "Font:
ylabel( a.u.”, “FontSize"
set(gca, Fontsize®, 18,
v o)

“FontSize*, 22
“Calib

subplot(3, 4, (cond- 1)~u2)
pla((m £.pst 1 ther

Pt n Dst(end)])
2)}" UntNa'm:

ri Light™, *Fontsize®
e R omatanet ., “Catib
22 Fonthane, Ca

. *Fontnane*

ylin([-1 51)

on specific observed variable evolution

suhpln((a 4. (cond-1years

)

(n_g.elab) yc{cond})
s((l) e ps((end)])

colorbar;

title("Y
Ylabel(ch

22,

e, “Catibri Ligher. Fonesize “Fontiieight” ,
N, ot . *cal ht*, *Font
e [

“Font:
ylabe ( des*, “Fonthane,
set(gea, "Fontsize®, 18, ‘Fonthame®,

bri Light’)
Fontsize®, 22)
)

, “cal
e,

v
“cal

% selected electrodes
suhplot(:l 4, (conu 1)*4+4)
9:511;

,g elab(ed
cond};
Plot(m £ Dst data(eu
pSt(1) n_f.psi
“rontiane’.

t(end)])
“Calibri Light®, “FontSize,

22,

“Fontiieight”,

22, “Fontyane®, “Cal
“cal

e, ght*)
.o, “Fontsize*,

[
ylabel( v,

- 20)
set(gea, “Fonisize®, 18,

VBNL

n o

itialization of the variational parameters to prior paraneters
mu_theta;

vfearg. theta

% paraneter iteration arrays
s_theta_ Nal

ms_sigsqr_k
sigsqr_k

% initialization and

F
F()

tial evaluation of the negative free energy
NaN(max_i
VFE(_ heta s _theta, ms_sigsqr, vfearg);

VBNL iterations 1,2,3,

. “Fontlieight”,
D

sensor space spe
electrode labels
makar of elactrodes
confound desi

state weighting spe

nutber of data px

araneter setti
Prior varlance paraneter setting theta
9 \:

h

prior expecta

eta

r shape and scale parameter setf

maxinal number of
unber of

nunber of
modifica

fixed-forn V8 Newton algorithn
Newton ite s for _theta opt

m
maximal
Hessian

n constan

backtracking
backtracking constant o

radient norn convergence criterion
Phrancter o change. canvergence o

true, but unknoun, condition specific effect
nutber of paranets

number. of con
true
data cxncctatmn
data sanpl

" Gata variance

“Normal*)

. “Normal®)

“Normal*)
e, 18)

“Normal*)
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% User update

fprintf(*Fixed-forn VB Newton Iteration %4.0f ... \n*, i-1)

& Analytical update for theta f variational variance paraneter

% evatuate the variationsl variance update equation for the current choce of n_theta
fprintf("  Estimating q

In_n_thet ng; spn_unvec(n theta, theta)), o theta, 1)))
s_theta spn_inv({exp(-ms_si wsqr(l)‘(l/z)"ms st sqr(?))"(Jh m_theta®=Jh_n_theta) + nv(sig_theta)))):

% inforn user
Tprintf(-

& Newton

hed. \n")

ne search for theta f variational expectation paraneter

forintf(" Estimating q(n_theta) expectation ... *)

# save ¥terand and objective function
n_theta_j(:,1,i-1)
Fom_t 1

% nunerical gradient and Hessian of the negative free
dF_n_theta Fu (opn. Cat (spn HTFE(N theta) VFEQH theta, s theta, ms.
_theta full (spn_cat(spn_di ff(8(n_theta) VFE(n_theta, s_theta, ms_s

= vFE(m theta,s_theta, ns_sigsar, vfearg):

jsar. vfearg),m_theta,1)*)):
jsar. vfearg),m_theta, [1 1])")]

% Newton iterations 1,23, ...
if norm(dF_n_theta) >= vareps
i = 2imaxj

% gradient search direction
)J = -ddF_n_theta\dF_n_theta;

& Hess cation if p_j
if (DJ"‘UF n_theta < 0)

not a descent direction

based on spec
aiF n theta + max(o. Cdelta - mln(elg(ddF

% diagonal Hessi sit
ddF_n_theta theta))))*eye(p):

% re-evaluate Newton search
p_j = -ddF_n_theta\dF_n_the
end

# backtracking evalustion of the step length

i acktrack_vFE_m_theta(n_theta, s_theta, ms_sigsqr, vfearg, dF_m_theta, p_j.c.rho):

% perfom parsetor updata

m_t m_theta + € §*p_i;

Senunerical gradient and Hessian of the negative free crergy using long-step spndift variane
thet.

jsar, vfearg),n_theta,1)*));
jsar. vfearg).m_theta,[1 11)*));

m_theta;
VFE(n_theta,s_theta, ms_:

jsar, vfearg):

if norm(dF_m_theta) < vareps || norm(n_theta_j
break

t.d.i-1) - n_theta j

-1)) < vardelta

end

nforn user
(i

shed.\n")

% Newton line search for signa"2 variational paraneters

fprintf("  Estimating q(signa’2) parameters ... *)

jsar, vfearg);

Sexatuation of the current negative free eneroy gradient and Hessian wrt ns.sigs
dF_ns_sii = ful cat(spn_¢ gsar) VFE(n_theta,s_theta, ms_sigsqr, vfearg), ms_s EOL)
P ms- Sigsar T ot o AT Chne-Shgoar) FEQH theta.o theta, ne-sigoar. Vicaray, ne-sidsar, T 2>™»:

ar

# fevton itorations 1.2.3,
if norm(dF. sar) > vareps
Tor K = 2man K

% Newton search direction
p_k = -ddF_ms_sigsqr

sar;

if

 fessian rodification If p.j is not a descent direction
~(p_k™ 0)

 diagonal Hessian nodiTication based on spectral decompositio
sqr = ddF_s v+ nax(0, (delta - mineigQddr. ne Sigsar) eye(2):

% re-evaluate Newton search direction
bk 9sqr\dF_ms_sigsar;
end

% backtracking evaluation of the step length
backtrack_VFE_ms_sigsqr(n_theta, s_theta, ms_s

sqr, vfearg, dF_ms_sigsqr, p_k.c,rho);

% perforn Newton update
ms. = ms_sigsar + t_k*p_}

% update rena;

ng entries in free energy arrays
fu

gsqr) VFE(n_theta,s_theta, ms_s

- ns_sigsar gsqr, vfearg), ms_si
dF_ms_sigsar = full (spm_cat(spn_di tF(a(ns_sigsar) VFE(n_theta.

sqr.
theta, ms_sigsar, vfearg). ms_sigsar. [1 1]) pH

% record updates

ms_sigsqr_k(:,k,
F_ms_sigsqr_k(k.

ms_sigsqrs
VFE(n_theta,s_theta, ms._

jsar, vfearg);

if norm(dF_ms_sigsar) < vareps || norm(rs_sigsar_k(:.k,i-1) - ms_sigsar_k(:.k-1,i-1)) < vardelta
ak

hed. \n")

% free energy update

F(i) = VFE(n_theta,s_theta, ms_sigsar, vfearg);

% user update

Fprintf("vFE %6.3F dvFE %6.3F \n*, F(|

Algorithn Visualization

% m_theta prior and approximate posterior

s‘uupm(a,a,g)
theta_f

space(-.5,1.5,1e4);

Plot(theta f_x, pdf(“Normal~, theta fx, m theta . sqrt(s_theta))
ta_f_x, pdf(*Norna ta | sqri(sig_theta)). “b%)
e st o arrersi o 8

plot(r. theta . 0. “o", “MarkerFaceColor® , “r*, “NarkerSize, 8);
eta®, 'Funts ize, 22, bri Light™)
Ieﬂend( q(\th ta)", "p(\theta)”, st7)
1, 50, “Fontianct Calibii Lignt")
T inditheta TxCly theta_f x(end]>

. sart(ns_sigsar(2))) B

plot(sigsqr_x, ! sare(uisi_sigsar(2)) . b

plot(exp(nu L on AT acegolor: | b, arkersize. 8)
plot(ex; "o0*, “MarkerFaceColor® , "r*, “MarkerSize®, 8)
xlabel ("\si “cal brl Light™)

set(gea, e

L
Tegend(® aQeignangy’, ThQ\eignardy-, “Location . NorthEast")
0 sigsar_x(end)])

% m_theta variational free energy ascent on first VBNL iteration

subplot(3,4,11)
res

m_theta_min,m_theta_nax,n_theta_res):
r i = lires
VFE_M_theta(i) = VFE(n_theta_space(i). s_theta i(:,:,1), nu_si_sigsqr, vfearg):

hold o
PIot(n theta_space, ~vFE_n_theta, *
plot(n theta j(1,1:3.1). -Fn_theta_j(1:3.1), "o, “arkerFacecolor”. ©
n_\theta _ 22, "FontName®, *Calibri Light")
Iegend( F)
t(gca, "Fontsize®, 20, “FontName®, “Cal
SVincEn theta min n theta nax])

. “Markersize®, 8)

bri Light")

% variational free energy

subplot(3,4,12)
hotd on

plot(-F(2:end), "ko-*, “WarkerFaceColor’
xi )
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\SHOZI(D). s (\signar2) (DD". “Fonthane”, “Callbri Light", “Fonthelght”, “Normal®
Ty

set(gea, Fomeanser 2b, romenanes, Catsor ngh( )

% renove Fieldtrip

Frpath(genpath(Ful it pud, atripT)))
end
5

subfunctions
function [ theta fa] = erp_n(n f.n_g, theta)

& This function evaluates the expectation paraneter generating function
W

% : (theta_f.theta ) |-> h(theta f.theta o) := vec(a(theta o) f(theta_f)

4 of the delay differential equation model for ERPS

I Inputs
m. nf : latent neural model structure
5 mg forward model structure

% theta model paraneters

5

m. outputs

% h_theta fg : evaluated function

w\ Copyright (C) Dirk Ostwald

W\ evaluate cD"puncn( functions f and g
[F_theta. . bt £ thete):
ta_g 9"FL m_9);

% evaluate condition specific concatenated function h
5

cell(1, nunel (£ theta H):
1:nunel (F_theta_t
h_theta_fg{cond} 1e4-spm vec(g_theta_g*f_theta_f{cond});

% vecto
h_thota. fo = Spr_vec(h theta_foy:

end
function [f_theta_f,u] = erp_f(n_f,vartheta)

tes the paural evolution function of the ﬂclay

mf—fcrcnnal equation model for based o

W the <o o a a ven parmeter scen ing

m generates an ne-course and " integrates the resul
2 eatation yer

“thic function
ng delay

% Inputs
% m_ latent neural model structure and fixed paraneters
m. theta free latent neural model parameter
m. outputs
% f_theta_f : evaluated latent neural model

u evaluated system input function

& Copyright (C) Dirk Ostwald

 constant paraneters
heta.R =

-3
E
g8i
‘

theta A2}
theta.A{3}
theta B
theta.C

Al

2333

W free parameter
heta.B = vartheta;

# evaluate peri-stinulus tine input function
(1:n_f.ns)*m_f.dt)*1

G e iz thetangt 13:

n_f.dur (1) *exp(theta.R(1,2));

32%exp(~(t - delay) "2/ (2*scaler2)) "

Getay
scale

alize output array
f theta_f = cell(1,size(theta.X,1));

& cycle over condi
5

for cond = 13

ons

ze(theta.X,1)

% condition specific forward connectivity matrix
theta.A{1} m_f.A{1} + theta.X(cond).*[0 O; theta.B 0];

% integrate systen
x

m_f.x H
m_f.f le @sy
dt m_f.dt J lntcwra(lun time bl
[Fx.dfdx,0] TCx,u(1), theta, $ 4 dxCEvat and Jacobian dt/dx and check for delay operator
b max(abs(real(elg(fulI(dfdx))))) 1w
N )
n i
Q - Gons exD'ﬂ(dt‘D"dfdx/N) - speye(n.m)*spr_inv(dfdx) %
v Spm_ve % initialize state
y = NaN(nengm(v), Tength(u)) Y alize state time-course

s cycle over time-steps
for i = 1:size(u.1)

% update dx = (@XpT(IE=D) - DHNVE)FOLL)
for j

v QMF(v Ui theta,mn_f);

ources
size(theta.C,1) % nuber of sources
NaN(9,ns) % source specific state indices

% create output
_theta_f{cond} =

). 915

rs s
_theta_f{cond} = [f_theta_f{cond}; y(si
d

n [£.3.Q1 = Spu_fx_erp(x,u.P.M)

% state equations for a neural nass model of erps
N

R4 - ax(/dt = (D)
%9 - dF(E)/dx(t)

%D - defay operator dx(t)/dt = F(x(t - d))
% D Fx (1))

% Prior fixed paraneter scaling [Defaults]

4a1: o extrinsic rates (furvarﬂ beckyard, tateral)
[1 A/s 1/4 1/4]*128; % intrinsi s (g1, g4)
161; % urupuga(mn dclay G (
[A 32]% % receptor d

8 16];
MopFLR = [1 1/2]; % paraneter of static nonl

ton KJ (2003) A neural mass model for NEG/EEG: coupling and
s. Neurolmage 20: 1743-1755

- 0, Fi
% neuronal dynar

% Copyright (C) 2005 WieTlcone Trust Centre for Neuroinaging

% Karl Friston

% $1d: spm_fx_erp.n 5369 2013-03-28 20:09:27Z karl $

% get dinensions and configure state variables

n Tengtn(p-AL): % nuber of sources
pr_unvec(x. 1) % neuronal states

% [default]

ed paraneters

[ /2 1/8]*32; & extr rates (forward, backward, lateral)
[L 475 174 174]*128; & intrinsic rates (gl g2 g3 g4)
% propagation delays (int nslc extrinsic)
'S (ext inhi

atory
atory,
% paraneters of static nonlinearity

ERELELE

% test for free paraneters on intr connections,

G = 6. exp(P.H;
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ones(n,1)*6

I transforns to foster paraneter

PLACLYFE(1):
= PLALRIE():
P_AFEG]

y and paraneters

T(1)/1000%exp(P.T(: 1))

H(2)*exp(P-G(: 2)) %

# excitatory tine constants
i ry tine constants
4 bxcitatory receptor den

ory receptor den:

% pre-synaptic inputs: s(V)

s = 1./ + exp(-RA*(x - R(N) - 1701 + exp(RO*R(2))):
& exogenous input
u cruCy*2;

% State: £(x)

(16
(el (A1} + AEN"S(
Yo 2 (Y - AESC

& = (Ne.“((A{Z) + A(Q))"S( L9) + G(:,3).%5(:,9)) - 2*x(:.8) - x(:,7)./Te)./Te
f( 19) = X(:.5) -

& voltage

U) - 2%(:,4) - X(:,1)./Te) . /Te
- 2%(:.5) < X(:.2)./Te)/Te
s

& voltage

% vectorize
T = spn_vec(n);
% av e recursion of spn_diff
nargout < 2
return
end
% Jacobian
3= Spr_AIFTQLT,x,u,P M, 1)
% delays
% Delay differential equations can be integrated efficiently (but
% approxinately) by absorbing the delay operator into the Jacobian
% dx(e)/dt FCE - B))
% = QDFR)
PRRTCN = Qarsax
De = D(2).*exp(P.D)/1000;
Di = D(1)/1000;

% Inplement: dx(D)/GE = FOK(E = d)) = ML + DG F(D)
Qf = Q'J'x(t

q‘ spn_inv(speye(length(3)) + D.*3);

end

function [g_theta gl = erp_g(n_)

% This function evaluates the EEG forward model of the delay differential
% equation model for ERPS based on a structural fornulation of the forward
% model and paraneter setting

W

Inputs

outputs

ng i EEG foryard nodsl structure and fixed paransters
theta  : EEG lead-field free paraneters
g_thetag : evaluated EEG forvard model

W
% Copyright (C) Dirk Ostwald

% evaluate constants
n

i constant paraneters
_Lpos = m_g.Lpos:

d sizectheta..2) 5 % number of dipoles

ne e(n_g.sens. chanpos, 1) i % number of electrodes

dp < S dia tpos i % dipole coordinates adjusted for fieldtrip
ole lead-field using Fieldtrip

N(ne,3,nd
d

= ft_conpute_leadfield(dp(:

", m_g.sens, m_g.vol);

% rescale lead-field according to SPM

Lcan =

L_can*(10°1)"-round(logl0(nax(nax(max(abs(L_can))))/8)/1);

i evaluate channel predictions based on dipole noments
L NaN(ne,nd);

i = 1:nd
g_theta_g = [9_theta_g kron(theta.J,L_dip(:.i))]:
d
end
function [VFE] = VFE(n_theta,s_theta,ms_sigsqr,vfearg)

% This function evaluates the variational free energy for ERP-DCH toy
% proble
W

Inputs

n_theta

v

Outputs )
vFE

B man2
Tl argunent structure with Flelds
BY nlarray - data
h
“nu_theta
_sig_theta

© true, but unknown, parameter structure

scalar negative variational free energy

% Copyright (C) Dirk Ostwald
W

# unpack input structure
gsqr-

Vfearg. theta;

# evatuation of the e data points and parareters

size()
oG theta, 1)

% sualutacs n(n_thets) and J"Iv(w (heta)

h_m_t

theta

In_n_theta

m_theta, theta))
(spm Catlmm. dlff(@(m ‘theta) erp_t h(m £.m_g,spr_unvec(n_theta, theta)),m_theta, 1))

% evaluation of the variational free energy value

—(nlz)"lag(Q" - (n/2)*n, )*exp(-n_sigs
~ (/2 agdetcsig_thetay) - (llQ)“((m theta - nu thetay

= —(1/2) uw pi*si_sigsqr) - m. sigsar
(1/2)"Iuw(det(s theta))  + (p/2) 2*pi*exp(1));
(1/2)"Iuw(2" *s_Sigsar) + m_s

# evaluate the negative free ener
VFE (1L + T

% for

% This finceion evalutates the beckerackt
nal

output
tk

n [t

9y,
2+ T3 + T4 + T5);

5] = backtrack_VFE_n_theta(x_k, s_theta, ms_sigsqr, vfearg, df_x_k, p_k,c,rho)

tep-size of a Newton search
expctation of the Tres snergy functlon vFE

px1  array of function argunent
pxp  array of additional VFE argunents
2x1 array of sdsitional VFE argments
additional input for VF

 x 1 array of ranation gradlent at x k

Search direct
scalar constant in 0,1
© scalar constant in 10,10

: backtracking/Armijo step-size

% negative voltage char\ge Coyranidal ce

cigsary e, Shasar + (o

change (spiny stellate cells)
change (pyramidal c:

stellate cells)

change (pyranidal cells:
ory

change(inhibi
(pyranidal cells)

ta)*(n_theta - mu,
wsqr - mu_sigsar)"2);

35

s) +ve

s) -ve
depola
polas
hyperpolas

nterneurons)
terneurons) depolarizing

+.5vs SIgEaN (Y - hn_theta) =(y - h.n_theta) + trace((Jn.n_theta™+dn.n_theta)"s_theta));

theta) + trace(sig_theta\s_theta));



%

% Copyright (¢) Dirk Ostwal

% evaluation of F(x_k)
Tk

VFE(x_k, s_theta, ms_sigsqr, vfearg):

5 init
Tk

4 evaluation of f(x (1)) given the ini
k_p. FEQCC

while x_k_|

K
T kp1

end

end

function [t_k]

% Th
& for the vay
W

% Inputs
W

n_theta
% s theta

% Ck

% Viearg

% df x k :
% p_k

% c

% rho :
% output

* tk o :back

W
% Copyright (C) Dirk 0:

Ckrho;
VFEQKFE_K*p_K, s_theta, ms_s

function evalutates the backtrack

lize step-size
1

itial step
tkp_k, s_theta, ms._:

e
jsar, vfearg);

heck sufficient decrease of the objective function and reset step-size
1> fxk

kAT _x_k*p_k)

gsar, vfearg);

= backtrack_VFE_ns_sigsqr(n_theta, s_theta, x_k, vfearg, df_

ng step-size of a Newton search
I expectation of the free energy function vFE

px tional VFE argunents
px tional VFE argunents
2% of function argunents
additional input for VFE

2x 1 array of function gradient st x k

: search directi

tracking/Arnijo step-size

stwald

% evaluation of f( i
.

= VFE(n_theta, s_theta, x_k, vfearg);

% lize step-size
tk =1

% evaluation of £(x_(
Tk p1

% check sufficient inc

while £x kp 1> ks
K o

Tx,

1
end
end

+1)) given the initial step size
FE(n_theta, s_theta, x_k + t_k*p_k, vfearg);

rease of the objective function and reset step-s

VRECh theta, s_theta, x_k+t_kp K, viearg):

k. p_k,c.rho)

*_kr(df_x_k**p_k) 11 isnan(f_x_k_p DIl x k(Z) + tk*p k() < 0;
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PDDE_8.m — ERP-DCM model recovery (Figure 12)

function pdde_8_R1

This function inp

equat Specific
V5 simulated in & Gro-source Toiet ased on

(1) Input to source 1 onk
(2) Input to sources 1 and 2

% The generated data are analyzed
estimation of

(1) Input to source
% (2) Input to sources 1 2
W

by means of tignt and loose orier variances for prior expectati
kelihood approximations are
tions of the auproach,

% Copyright () Dirk Ostvald

nents a basic Bayesian model selection exanple
sic delay

n the

. ERP

istic nodels allowing for

ons of
assessed

clc
close all

% set the random number generator to a randon state
rng(*shuffle”)

% invoke Fieldtri
addpath(genpath(ful Ifile(pud,

1dtrip®)))

W sinulation paraneters
2n4;

s per, gencrative nodel
algor!

=s; % m orn V5 Newto thn
% maxinal number of Neweon terations for n_enets opti
% maximal number of Newton iterations for (m_sigsqr, s_s|

= NaN(4,max. nsim); % free energy array for ulation scenarios

% Model Fornulation

M

% neural model structure and parameters

% structural aspects and Fixed paraneters

nff @ : # neural evolution function

n_fins % nunber of tine b

m_f.dt = ; % time bin Icﬂq(h scc)

m_f.pst (0 m f.ns-1)*m_1 % Dcrls(wulus (lrrc (NSCD)

m_f.nt Ienw(h(m f.pst) % number of ti

nfin & himber of neuras asees

nfn % nunber of neural states per neural nass

n_f.ons “ put onset. (a5

m_f.dur % ) of the input function

mfx % i

m_f.R % input function pararrc(crs rho_1 and rho_2

nfs % arity Guctivation fnction) paransters

nfT % ory time constants

nfe % ory receotor

nfH % nt connectivity paraneters

m_f.0 % between source dclay Fararrc(crs

m_f.A{1} % forward connecti

LAY % backeard conmectivity

n_ A} % lateral connect

nf.c % input connect

4 forvard model structure and parancters

ing dipole node

Toadcrutiriteced, -uios i

n_g.vol ode1_seruct vol 4 fortera ot spec

g sens su % sensor spac

n_g-elab dii # olostrode Tebels

ngine et gn g-etab % electrodes

m_g.x0 zerost m, ns"mj ne, 3*m_g.ne); % cunfwnd dcs

n_g.Lpos = [42 -3 181" % ordin

ngL Fo702" 0208 0,08 0.17'-0.50 -0.177" % dibole monent Specification

Ex ) [-0.100000 -0.45 0 11 % state weighting spe

W\ likelihood model parameters

n = n_fontrn_g.ne; % nunber of data pi

% prior fornulation

M
% prior expectation paraneter setting thet
% Drlur shape and scale parameter setting \sm'ﬂa”z

d % ification constant

c % backtrack ng cnns(ant

rho % backtracking constant rho

vareps % gradient nom convergence criterion

vardelta le-3; % paraneter norn change convergence

% Cycle over simulations

& free energy array index
x = 13

Cycle over generative models

for ngen

% true, but unknoun, input connectivity
itch mgen

true, but unknown, data variance
number of paraneters

data expec
dita samting

se 1
theta = [10]°;
theta = [1 1]
end
% Model Realization
sigsar
Ienw(h(the(a)
h_theta_fg m_f,n_g, theta.
y L GG e to. Sigsar-eye(m)”:

Cycle over inversion models

% prior variance paraneter setting theta
for miny = 1:2

[163 0; 0 1e-3];
se
sig_theta = [1e3 0; 0 1e3]
end
% VEAL iteration 0

ma:
= mu_theta;
sig_theta.
nu

vfearg_theta

% paraneter iteration arrays
s_theta = Nal

F_ms_sigsqr_k

tialization and initial evalua
Nal

vFE(m “theta, 2 theta, ns_si

n of the negati

F
F()

ve free energy

gsar, vfearg);

VBNL iterations 1,2,3

% User update
W
fprintf(*Fixed-forn VB Newton Iteration %4.0f ..

# analytical update for theta f va

% evaluate the vartational varfance updste cquatt
(" Estinat theta) variance

spn_cat(spn_diff(a(n_t

nv({exp(-ms_sigsar (13+

fprintf(
Ihon_theta

spn.

erand and objective function
1)

Fs_t vFE(m theta,s_theta, ms s

on for the current choice of n_theta

heta) erp_h(n_f,n_g, spn_u

ec(n_theta, theta)),n_theta,1)));
(1/2)"ns._ slgSﬂr(Z))"(Jh i theta

Sh_n_theta) + (spr_inv(stg. theta)))):

igsar, vfear):
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inforn user
nLEC T

shed. \n*)

% Newton line search for theta_f variational expectation paraneter

fprintf("  Estimating q(m_theta) expectation ... ")
4 save iterand and objective function
n_theta j(:,1,i-1)

3

Fom_theta_j (1,
% nunerical gradient and
dF_n_theta = fu

vFE(m theta,s_theta, ns_sigsar, vfearg):

lessian of the negative free enel
~_m_{ 11 (spm_cat(spm_c (@(n_theta) vFE(m theta, s_theta, ms_sigsqr, vfearg),m_theta,1)").
ddF_n_theta = Tull(spn_cat(spn_diff((n_theta) VFE(n_theta, s_theta. ns_sigsar, vfearg).n_theta,[1 113"

terations 1,2,3,
- m_theta) > vareps
ax_j

% gradient search direction
-ddF_n_theta\dF_m_theta;

modification if p_j is not a descent direction
~dF_n_theta < 0)

% diagonal Hessian nod n Jased on spectral decomposition
ddF n theta = i n Theta + max(0. (o1t (eig(ddF_n_theta))))*eye(p);
% ra-aueluste Hewton search direction

P_i = -ddF_m_theta\dF_n_thet:

end

% backtracking evalustion of the step length
i bacl ( VFE_m_theta(n_theta, s_theta, ms_sigsqr, vfearg, dF_m_theta, p_j.c,rho);

# porforn paranster update
m_t |theta + € *p_i;

# nunerical gradient and Hessian of the
dF_n_theta (spn_cat(spn_c
ddF_n_theta = full(spn_cat(spn_

gative free energ
(B(n_theta) VFE(n_theta, s_theta, ns_sigsqr, vfearg),n_theta,1)*))
(B(n_theta) VFE(n_theta, s_theta, ns_sigsar, vfearg),m_theta,[1 11)*));

% record updatc<
ta i

m_theta;

o theth 501 1) = VFE(n_theta,s_theta, ns_sigsqr, vfearg):

if norm(dF_m_theta) < vareps || norm(n_theta_j(:.j.i-1) - m_theta j(:.j-1,i-1)) < vardelta
break

end

forn user
NLEC finished \n*)

% Newton line search for signa"2 variational paraneters

fprintf(*  Estinating q(signa”2) parameters ... *)

% swve Itarand and chjective func(mn
ms_s
1 VRECntheta.s_theta, ms_sigsar. vfearg):

sigsq
ity

Nt and Hessian wrt ms_sigsqr
SAr) VFE(n_theta,s_theta, ms_sigsqr, vfearg), ms_sigsqr.1)*)):
HE(Ohs-sigsary VFECT theta,otheta, necigedr, vieary, ms-sigeqr. 11 1)")):

e

% evalustion of the current negstive free energy gra
a = full (spn_cat(spn_difr(a(n:
(spn_cat (spn_c

Gear

% Newton iterations 1,23,
-_ns_s sqr) >vareps

 Newton search diregtion
p_k = -ddF_ms_sigsqr\dF_ms_sigsar;

% Hessian modi
(.

ation if p_j is not a descent direction
_k**dF_ms_sigsar < 0)

% diagonal Hessian nodification based on spectr:
ddF_ms. slgsqr ddF_ms_sigsqr + max(0, (delta - mln(elg(ddF e Sigsar)eve():

% re-evaluate Newton search direction
Pk Sar\dF_ns_sigsars

end

% backtracking evaluation of the step length
= backtrack_vFE_ms_sigsqr(n_theta, s_theta, ms_sigsqr, vfearg, df_ms_sigsar, p_k.c,rho);

% perforn Newton update
ms_sigsqr = ms_sigsar + TkAp_k;

% update rem

n free energy arrays
= full(spn_cat(spn_diff(8(ns_sigsqr) VFE(n_theta,s_theta, ms_sigsqr, vfearg), ms_sigsq
FFOCms_sigsary VEECT_theta.s_theta, ms_sigsar. vfeargy. me_sigsar. [1 1]) i

% record updates
ms_sigsqr_k(:,k,i-1) = ms_sigst
e Sigsar kQi-1) = VECn theta,s theta, ns_ sigsar, viearg):

norm(dF_ms_sigsar) < vareps || norm(rs_sigsar_k(:.k,i-1) - ms_sigsar_k(:.k-1,i-1)) < vardelta
ak

form us
fprintf(*finished. \n")

% free energy update
¢

% user update

= VFE(n_theta,s_theta, ms_sigsqr, vfearg);

TPriNCRCVFE 46,37 OVFE 46.3 \n*, F(i), F(i) - FGI-1))
end

% save free energy evolution

nat"], *F_al

Fallidx, :, s) =
save(ed “\Data\F_af
Bdx = idx + 1

Fig = figure;
(fig, “Cofor®, [1 1 11)

% input architecture/function u

[f_theta_f,u] = erp_f(n_f,theta);
subplot(2,3, 1)

plot(n |

x1

pst,
([m £ pst(l) n_f.| Dst(end)])
*Fontharie bri Light", “Fontsize*, 24, "Fontlieight", “Normal)

s ze-, 24, roiiae Ca >
“car

ylabel( Size”
oS, Fomisizer 20,

suhplot(z 30
ol

[ et n . pst(end)])
Titleg i SFantuane s *CalinM Light", “Fontsize®, 24, "Fontleight”, “Normal*)
xlabel (*Tine [s]°, 'Fon(s ze*, 24, "Fonthane” ght*)

ylabel("a.u.", “Font 24, *FontNane®
Setcaca, “Fonisizer, 20, ‘Foninane-, -Calibri Light)

% evaluate log nodel evidence approximation

. 1 generative model
subplot(2,3,2)
hold

2. ean(F_all(1:2.end. ).9). .6, “Facecolor”, [.8 -8 .81)

L), kA-*, “MarkerFaceColor®, *w", “MarkerSize®, 4)

|
title("serial Arch
set(gea, “Fonthane

JFontieight®
“N_2"}, TFont:

*Fonthare*, *
ight”, “xti

ormal*y
et. 26)
% paratlel generative nodel

subplot(2,3,5)

bar( .3)..6, “FaceColor, [.8 .8 .81)

. “MarkerFaceColor*, "w*, “MarkerSize, 4)

24, “Fontlieight:
W27}, TFont:

“Normal*)
e,

. Fontsize
Kiabel ™, {*M_1 26)

& evaluate convergence

% serial_generative model
subplot(2,3,3)
hold on

pla(( neanCE_alldl 2iend,2,9),

arierFacecolor:, ")
. [.6 -6 -6], "NarkerFaceColor®,
(l(le( F(w \:netaA((.)) \Slgwa \(heta’*((l)) " (\s.gwaAz)A((.)) s, (\s.gwaAz)A((.))) D conthaner, ~catiori Light", “Fontieight”, “Normal®, “FontSize, 22)
JFoneNaner, Caliori Lioht)

s
Iegend("ﬂ i,
set(gea, “Fonthane”,
xRin([0'51)

ontsieer, 20y

SubpIot(2,3.6)

Plot( ean(F_all (4,2:end,53,3), ko, “MarkerFaceSolor®, k")
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nd,:),3), "o-", "Color®, [.6 .6 .6],"MarkerFaceColor”, [.6 .6 .6])
24, “Fongane:, “Calibri Light®
TitleCF(n Atnetan(C )) gra \hetat (D) 1 (\SIgna"2) (D) S QI 2D, “Fonthane”, Ca
Tegend () 1 “Southast)
et(gca, FuntNamc . 'Callbrl Light*, "FontSize®, 24)
xllm([U 51)

subfunctions

ion [h_theta_fg] = erp_h(n_f,m_g, theta)

& This function evaluates the expectation paraneter generating function

% h : (theta_f,theta g) |-> h(theta_f,theta g) := vec(g(theta_g)*F(theta f)

I equation model for ERPs

% of the delay

m. Inputs

m. nf : latent neural model structure
m. ng forvard model structure

% theta model paraneters

% outputs

% h_theta fg : evaluated function

% “ Copyright (€ Dirk ostual

% svatonts component Farations ¥ and o
[f_theta_f, u] = erp_f(n_f,theta);

g_theta_g = erp_g(n_0);
% evaluate concatenated function h

h_theta_fg = led*spn_vec(g_theta_g*f_theta £*);
end

function [f_theta f,u] = erp_f(n_f,vartheta)

# This function intagrates the neural evolution function of the delay

Freren model for EF d on spn_gen_erp.m of
w\ the SPI12 T Gased on & given paronstor scteing. thie functmn
W generates an InpUT tine-course and _integrates the resulting dela

% differential equation systen.

m. Inputs

% n_f © latent neural model structure and fixed paraneters
% theta : free latent neural model parameter

5

m. outputs

m. Tthetaf : ovaluated latent neural model

© evaluated system input function

w\ 4+ Copyright (<) Dirk ostwald

W constant paraneters
theta R

=
3
g
5

theta.A{1}

theta.A{2}

theta.A{3}
heta.C

m
m
m
m
m
m
m
m

W free parameters
theta.C(1) vartheta);
theta.C(2) = vartheta(2):

input function
((1:n_f.ns)n_f.4t)*1000;
n_f.ons(1)+128* theta.R(L.1):

n_f.dur (1) *exp(theta R(1,2))

= 33exp(~(t - delay)."2/(2*6caler2))";

ulus tine

% evaluate peri-sti
t

detay
scale
u

% integrate systen
x

mf.x condition
nf.f handle gsun_fx_erp

at = f.at i % integration t

[fx,dfax,0] T(x,u(1), theta 3 % dxey/de and Jacobian df/dx and check for delay operator

p max(abs(real(elg(fulI(dfdx)))))

N (max(1, dt*p*;

n Sor_lengthix

Q (spm exD'ﬂ(dt‘D"dfdx/N) - speye(n.m)*spn_inv(dfdx)

v ate

y < NaGrength, Tengthcu) i % initialize state tire-course

% cycle over time-steps
for ssize

& update dx = (expn(dtrd) - D*INV()*F(x,u)
for j

v+ QF(v,u(i) , theta,mn_f);

W transpose
_theta_f

end

function [f,,0] = spn_fx_erp(x,u,P.l)

¢ state equations for a neural mass model of erps

% FORNAT [f,.D] =

% FORNAT [f,J]

% FORNAT [f] =
x

5

% depolari

% depola

m. hyperpolari

s tory interneurons) depolarizing
§ X9  Vottage (pyramidar ce

% f - dx()/dt = FOx(1)

% J - df(t)/dx(t)

%D - delay operator dx(D)/dt = F(x(t - d))
% = D Fx(B)

% Prior fixed paraneter scaling [Defaults]

rates (forvard, backuard, lateral)
rates (g1, g2

§ Pectptor dencitize Concitatory, innibitory)

% synaptic constants (exci ory)
# paraneter of static nonl

& David 0, Friston K3 2003) A neural wass nodel for WEG/EEG: coupling and

% neuronal Neurolnage 20: 1743-1755

\Gopyright (€ 2005 TielTeane Trust Gentre For Neuroimaging

& Karl Friston

% $1d: spn_fx_erp.m 5369 2013-03-28 20:09:27Z karl $

% get dimensions and configure state variables

n = length(P.A(1}): % nunber of sources

x Spm_unvec(x,i-x) % neuronal states

% [default] fixed paraneters

E [1 1/2 1/81*32; i extri rates (fbr\vard backvard, lateral)

G [1 4/5 174 1/a1*128; ol

D [2 15:

H [4 32]%

T [8 16]:

R [2 173; % paraneters of static nonlinearity

% test for free paraneters on intrinsic connections

G.*exp(P.H);
ones(n, 1)*G:

% no exponential transforns to foster parameter identifiability
W

ALy PLACLFE(L
A2} = PIARPEQ)
A3} - PAGFEG):
A At

% intrinsic connecti

ity and paraneters

Te T(1)/1000%exp(P.T(: . 1)) constants
Ti T(2)71000%exp(P. T(: 12))

He = H(1)*exp(P-G(:, 1)) y
Hi H(2)*exp(P-G(: 2)) % inhibitory receptor density

% pre-synaptic inputs: s(V)
s = 1./(1 + exp(RED*(x - R - 1./(L + expRAI*R()):

& exogenous input

v = () 2:

W State: (x)

;% voltage change (spiny stellate cells)
% pos voltage change (pyraidal cells) +ve
% e voltage change (pyramidal cells) -ve
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D ST e

xC % current change (spiny
2)./Te). /T

% current change (pyras
% current change (pyras 15
& voltage change ory interneurons)
% current chan ibitory interneurons) depolarizing
$ 4 Voltage (pyramidal cels

e
spn_vec(f):
infinite recursion of spn_diff

nargout < 2
return

end

% Jacobian

3= Spr_diFFQLFLx,u P

& delays

% balay aitferamlal squation iently (but
oIy by abaoring the delay cporator into the Jacebian

's can be integrated effic

% approy
©

% dx(t)/dt Fx(t - d))
# = ADFD)
PRRTCN = Q(arsax

De = D(2).*exp(P.D)/100¢
Di = D(1)/1000;

= speye(n,m).*De;
- speye(9,9)).*Di
Kronganes(9.5).003¢
.sneye(n )

15

& Inplement: dx(t)/dt = F(x(E - d)) = Inv(L + D.*dFAO*F(x(L))
m. = Q°F = QUIRK(E)

Q = spr_inv(speye(length(3)) + D.*J

end

function [g_theta_g] = erp_g(n_g)

% This function evaluates the EEG forward model of the delay differential
of

% equation model for ERPs based on a structural fornulat f the forward
% model and paraneter setting
W

% Inputs
m. ng EEG forvard model structure and fixed paraneters
m. theta  : EEG lead-field free paraneters

% outputs
% g_theta_g  : evaluated EEG forvard model

 Copyright (¢) Dirk Ostvald

% constant paranetere
s Lpo:

theta.Lpo :
o

oS ng.3%

& evaluate constants

nd = sizettheta L 2) 3 % nunber of dipotes

ne e(n_g.sens.chanpos, 1) % nunber of el des

dp = oS thetaLpos £ & dipole coordinates adjusted for fieldtrip

ole lead-field u

1atrip

m_g.sens, m_g.vol):

% rescale lead- according to
L_can = L_can*(10"1)~ rnund(lnglc(max(max(max(am([ can))))/8)/1):

% evaluate channel predictions based on dipole moments
L_dip = NaN(ne,nd);

for i = 1:nd
L_dip(:,i) = Lcan(:, 5, D theta.L(:,);
a

% cvaluatc g(\theta_g)
o_the: = kron(theta.J,L ¢

end
function [VFE] = VFE(n_theta,s_theta,ms_sigsar,vfearg)

% This function evaluates the variational free energy for ERP-DCH toy
% problen

% inputs

% n_theta

% s_theta

4 ns_sigsar

% vfearg

% n

% “nu_theta

% _sig_theta

© s

% scalar prior shape paraneter for sigra"2

true, but unknown, parameter structure

% Outputs
m. VFE : scalar negative variational free energy

W
% Copyright (©) Dirk ostvald

. unpack input structure
gsar

vfearg. thet:

# evaluation of the number data points and paraneters
ze(y, 1)

i = size(n theta,1);

# evalutate hen theta) and Jon(r_thetay
hm h( spm_unvec(n_theta, theta)):
<P CAT(apm 16T theta erp G F.n_g.spn_unvec(n_theta, theta)).n_theta, 1))

In_m_ Ciheea

% evaluation of the variational free energy value
1

T ~(n/2)*1og (2| = (n/2)*m. Jsqr. JSqr +.5*s_si SQI')'((Y - h_m_theta)"*(y - h_m_theta) + trace((Jh_m_theta**Jh_n_theta)*s_theta)):
T2 ~(p/2)*1og(2*| - (1/2)*log(det(sig_theta)) - (1/2)“((m (heta - mu_theta)"*inv(sig_theta)*(m_theta - mu_theta) + trace(sig_theta\s_theta)

] -(1/2)*10g(2*pi*si_sigsar) - n_sigsqr R St A ot :

T4 = g(det(s_theta)) ~ + (p/2)*log(2*pi*exp(1));

s ar + (172)*10g(2*pi*s.sigsar) + n_sigsar :

% evaluate the ﬂCQa(lvc free energy.
VFE ST+ T2 4T3 4 TA + TS):

n [t_k] = backtrack_vFE_m_theta(x_k, s_theta, ms_sigsqr, vfearg, df x K, p_k,c,rho)

% This funct alutates the backtracking step-size of a Newton search
% for the variational expectation of the free energy function vF

% inputs
m. xk

X x1  array of function argunent
% s_theta xp  array of additional VFE argunents
5 ms_sigsqr x 1 array of additional VFE arguments
% vfearg dditional input for VFE

m. of x k _f x 1 array of function gradient at x_k
m. K

W oo

% rho : scalar constant in 10,1

W
% Output
m. tk  : backtracking/Armijo step-size

mﬁ Copyright (C) Dirk Ostwal

“ evaluation of f0cK
fx. Rl k. 5_theta, ms_s

jsar, vfearg);

alize step-:

ze

4 evaluation of fOc (kD)) given the step
fxkp 1 FEC

. ize
tkep_k, s heta: ns_sigsar, vfearg):

ent decrease o the objective function and reset step-size
KA (AT _x_k*p_k)

vFE(x Wit keop_k, s_theta, ms._sigsar, viearg):

end
end

function [t_K] backtrack_VvFE_ms_sigsqr(n_theta, s_theta, x_k, vfearg, df_x_k, p_k,c,rho)

% This function evalutates the backtracking step-size of a Newton search
% for the vay nal expectation of the free energy function vFE
W

% inputs
m. n_theta 1 array of additional VFE argunents
m. s theta p array of additional VFE argunents
% Ck 1 ray of function argunents

% vfearg onal input for VFE
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% af x_k 2 x 1 array of function gradient at x_k
Pk search direction
scalar constant

n 30,10
scalar constant

n 10,10

c
m. rho
% Output

% tk  : backtracking/Armijo step-size

% Copyright () Dirk Ostwald

% evaluation of F(x_k)
Tk VFE(n_theta, s_theta, x_k, vfearg);

alize step-size
1

% evaluation of f(x_(k+1)) given the initial step size
fxkp 1 = VFE(n_theta, s_theta, x_k + t_k*p_k, vfearg);

% check sufficient increase of the objective function and reset step-size
whille T.x_k_p_1 > Fx_k + cAE_KA(df_x_k™*p_k) || isnan(f_x_k p_1)I] x_k(2) + t_k*p_k(2) < 0;
K Frho:

2 ticrho:
VFE(n_theta, s_theta, x_k+t_k*p_K, vfearg):
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PDDE_9.m — ERP-DCM experimental application (Figure 13)

function pdde_9_R1

% This funceion Inplenants 2 basic oop
 sonatosensory evoked pot ' ng.
% comnectivity structure of & Bro-source heurophys

cecion o the POOE frameuork To &
inates the

% Copyright (¢ Dirk Ostvald

clc
close all

% EEG Data Loading
spr_dir “D:\Users\Di rk\Projects\THEORY Delay.
fnane ot “DakoAEESS s Crand Hean 211 t1 nat ]

o

1
addpa(h(genpa(h(spm ain;

="spn_eeg_load(fnane)
y SFaspn Vec(0C:  tuidk, )
pst e(tnidn) :

dt 1/D.fsam;z|e;
rmpath(genpath(spn_din):

ﬂe Model Formulation

% neural model structure and paraneters
W

# structural sspects snd foxed parancters
T erp;

e
= Ieng(h(ps()

22233
BEEERRR2a;
o

2222333
e

% forward model structure and paraneters
W

e(cd, “Data/SIN", *dip_nodel_struct.mat’))
)_model s(ruc( vol
model_stru

ct.sens ;

ab) ;
= xeros(m ¥ ns"mj ne 3 g.ne):
[42 54; EE

[10542057 .53; 5.38

& -3.62];
,[ozmoooooooamoloooo]

ood model parameters

b =2;

vareps
vardelta

% model-indepedent prior fornulation

zeros(p,1)

nu_theta
mu_si_ [1e2;1ei];

% model evaluation arrays
W

o
m_theta_m

sar_m

NaN(nm,max_i);

5 Cycle over probabilistic models

W
for m = 1:m

& model-dependent prior covariance matrix
tch m

% loose prior on c_1, tight prior on c_2
case 1
sig_theta [1e6 0; 0 1e-6];

% loose prior on c_1 and c_2
case 2

g_theta 1e6¥eye(p.

% VBNL iteration 0

vfearw theta

# paraneter iteration arrays
eta,

= vFE(m theta, 3 theta, ms_sigsar, vfeara):

oratLa\SPH12"5

4 perrotinilus sive indices of a 0-100 s tine window
% data scale factor to avoid nunerical overflow
% invoke SPN

& peristinulus tine
% tine bin length

% neural evolut
% nunber of time by

% time bin length (sec)
(nsec)
its

% nunber of nel
% systen input onset
n (vidth

ural states per neural mass

(ms)
ith) of the input function

and rho_2
n func

oxc

dependen

& betueen Source. delay paranetere

% forvard connectivity

% backvard connect;

& lateral
nput connectivity

% forvard model spe
& Sencor space specitication
% electrode labels

# umbor of electrades

% nunber of paraneters to estinate

» maxinal nuster of fixed-forn VB Newton algorithn
% maxinal number of Newton iterations for m_theta opt
& maxinal number of Newton iterations for (i Sigear,

m convergence criterion
% Baranctor norm changs convergence oriterion

man2

# prior expectation paraneter setting theta
W prior shape and scale parameter setting \:

# number of madsls to test

evertancos
araneters
& Variational free eneray evolutions

4 theta vana(mnal
a2 v:

W prior covariance parameter setting theta

iance paraneter setting theta

ﬂe VBNL iterations 1,2,3,

% User update

Fprintf(*Fixed-forn V8 Newton Iteration ¥4.0f ... \n*, i-1)

& Analytical update for theta f variational variance paraneter
5

4 evaluate the v nal variance update equation for the current ch
fprintf(*  Estimating ,(hcta) variance

T the Tuligepo ca((spm diFF(a(n_theta) erp_nCn_f.ng; spn_unvectn
s_thet spn_inv((exp(-ms_sigsqr(1)+(1/2)*ns

shed. \n*)

% Newton line search for theta_f variational expectation paraneter
W

jsar(2))*(Ih_n_theta**Jh_n_theta) + (spi

e of n_theta

 theta, theta)) n_theta, 1))
nv(sig_theta)))):

fprintf(*  Estinating q(n_theta) expectation ... *)
% save Jrerand and abjectlve funcrion
m_theta_j( i

e

% nunerical gradient and Hcsslan of the negative free ener:
o n_thet (o(n_thetay vEE(T theta,

= VRE(n theta,s_theta, ms_sigsar. vieara):

% Newton iseration
if norm(aF. heta)

“ gra nt search
LG b thetavdr . theta:

% Hessian mo n if p_j is not a descent direction

s_theta, sar, viearo).n theta, 1))

42



if ~(p_i**dF_n_theta < 0)

% diagonal Hessian nodification based on spectral deconposi
ddF_m_theta = ddF_n_theta + max(0, (delta CoigQdde I thetay)) eye(d):

# ro-evaluate Neytan search direction
p_i = -ddF_m_theta\dF_n_thet:
end

% backtracking evaluation of the step length
A = backtrack_vFE_m_theta(n_theta, s_theta, ms_sigsar, vfearg, dF_m_theta, p_j.c,rho);

# porforn paranster update
|theta + €j*p_i;

% nunerical gradient and Hessian of the negative free energy
dF_m_1 (opn_cat (spn_di (BT theta) VEEGY_ theta, s_theta, ms_sigsar. vfearg).n_theta,1)")):
ddF_n_theta = full (spr_cat(spn_di FF(6(n_theta) VFE(n_theta, s_theta, ms_sigsar. vfearg).n_theta,[1 113")):

# record updates

n_theta i (-, = m_theta
Fontheta j(1.i-1) = VFE(n theta,s theta, ns_sigsar, viearg):
norm(dF_m_theta) < vareps || norm(m_theta j(:.j.i-1) - m_theta_j( i-1)) < vardelta

forn user
e

shed.\n")

% Newton line search for signa’2 variational parameters

forintf(" Estinating q(signar2) paraneters ... *)

# save ¥tarand and onjective functlun
ms_sigsar_k(:, 1)

e Sigsar k(1 i) = UrEcn theta,s_theta, ns_sigsar, viearg):

Nt and Hessian wrt ms_sigsqr
's_sigsqr) VFE(m_theta,s_theta, ms_sigsar, vfearg), ms_s

% evaluation of the current negative free energy gra
1 gsq
FFOCns_sigsary VEECT_thota.s_theta, ms_sigsar. vfeargy. me-sigsar. [1 1]) i

(spm_cat(spm_c
= full(spm_cat(spn_c

% Newton iterations 1,23,
i norn(eF_ns_sigsqr) > vareps

% Newton search direction
p_k = -ddF_ms_sigsar\dF_ms_sigsar:

% Hessian mo
~(p_t

on if p_j is not a descent

~dF s, sigear < 03

% diagonal Hessian modi n based o
ddF_ms_sigsar = udF ms. slwsqr + max(0, (delta - mm(em(dﬂF ms slgwr))))"eyeﬂ)

# re-evaluate Neyton search direction
Pk -_ns_sigsqr\dF_ns_sigsqr;

end

% backtracking evaluation of the step lengt
= backtrack_vi oo theta, o theta, ns_sigsar, vlearg, dF_ns_sigsar. p_k.c.rho);

% perforn Newton update
ms_sigsqr = ms_sigsar + TkAp_k;

n free energy arrays
(B(ms._ gsqr,1)")):
gsar, [1 1D

k(K i-1) ;_sigsar;
r_k(k,i-1) = VFE(n_theta,s_theta, ms_sigsar, vfearg);

1) - ms_sigsar_k(: .k-1,i-1)) < vardelta

forn user
Fprintf(-finished. \n")

& free energy update

VFE(n_theta,s_theta, ms_sigsqr, vfearg);

% user update

FPriNLRCVFE 46,37 OVFE 46.3 \n*, F(i), F(I) - FGI-1))
end

% save model evaluation values

m_theta;

% theta variational expectations
4 theta var

rans vhriational paraneters

# variational fres energy evolutions

ure;
set(fig, “Color™,[1 1 11)
suhplot(z 3.1)

£og = Sonunvec(y. Nal(n g.ne.n-F-nt))/s
gesc(n_f-pst, 1:numel(n_g.elaby.y_eeg. [-1 11)
(I £-pStCI3 n_f- petcendl>

O intvane, “catibri Light*, “FontSize®
o\nv:."Rotation”, 0. Fontiane
“Time [s]* tSize®, 24, "FontName®,
NabelC-Eloctrogess. SFontuans® - ica it
set(gea, "FontSize®, 20, “FontName*, Calibri Light")

rmal”)
. 24)

 MAP estinate based predicted data

# cycte over nodels
rom = 1:m
P_theta nap = erp_h(n_f.n_g, n_theta_n(:.m):
y_map = spn_unvec(h_theta_map, NaN(m_g.ne,n_f.nt))/sf;
Ubplot(2,3,m)
o Epst Linunel(n geelab).y nap, (-1 11)

% data expectation

Yo (T - numzstr(m) * Y NAP®], "FontNare
v, » 0, “Fontlane"; Ca
Tomsioer 5, iame’® , *C
ylabel( Ehectrateds. Shomthanse icatsars Light®, st 24)
set(gca, “FontSize®, 20, “FontName®, *Cal ght™)
d

“FontSize*, 24, "Fontlleight”, “Normal®)
“Fontsize*, 24)
)

W theta_f estimates

subplot(2,3,4)
o1d on

min, c_1max, c_1_res);

res;
Tinspace(c_2_min, c_2_max, c_2_res):

% posterior approxination q(c)
qc NaN(Ieng(h(c J) length(c_2));
for i

17, [c_1(i) ©_2(1)].5_theta_n

1)) + mvnpdf(n_theta_m

2)".[c_1(i) c_2(i)].5_theta_mi

. . “Normal*)

Text(n theta nG. 131 013 (C) M_1*, *Color®
text(n_theta_n(2,2)-0. A 2. Cotor
set(gea, “Fontsize”, 30, Fonenanes s Lardrs 1 )

x1

22, “FontNane®
22, *FontNane

[11 1], “FontSize®
[E

alibri Light®
1], “Fontsize “Calibri Light")

“calibri Light®
“Calibri Light®

“Fontsize:,

xlabel("c_2", 24)
ylabel(*c_1°. *Fontiare’ “FontSize*. 24, “Rotation”, 0)

gnan2 estimates

suhpln((Z 3.5)

Vinspace(led.5e. 1e5);
b i s

rom = 1o

Plot(igsar_x, Tognpdf(sigsar x, ms_sigsar_n(l,n), sqri(ns
end
set(ea, “rontsizer, 24, “Fontharer, “Calibri Lignt)
Tegend(*q(\signa2) i “aQ\signan2)
oS

gsqr_m(2,m)), cols{m})

tion®, “NorthEast”)
s

neSizor 5, Fancdanc-. " “Cal

% variational free energy

suhpln((Z 3.6)
ar (

=n(:.end), .6, "FaceColor”, [.8 .8 .81)
([ i 05e4 -95e4])

(l(le( . ontrane-, e
set(gca, ‘Fonthane®, ‘Cal

ht*, *Normal
MR ), “FontSize*, 26)

ri Light", *FontSize®, 24, “Fontliel
bri Light", *xtick® . “xticklabel

end
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m. Subfunc:

ns

n [h_theta fg] = erp_h(n_f.n_g,vartheta)
% This function evaluates the expectation parameter generating function

% h : (theta_f,theta_g) |-> h(theta_f,theta_g)

vec(g(theta_g)*f(theta_f)

% of the delay differential equation model for ERPS

5

% Inputs

% nf latent neural model structure
m. ng forvard model structure

m. theta © model paraneters

5 Ooutputs

% h_theta fg : evaluated function

5
# Copyrignt (¢) Dirk Ostvald

% evaluate conponent functions f and g
[F theta £, ] = erp f(n T, varthetay;
ta_g

erp_g(n_g):

# evaluate concatenated func
heta_fg pm_vec(g_t hota L g*F_theta_f*);

end
function [f_theta_f,u] = erp_f(n_f,vartheta)

tes the neural evolution function of the delay
ation nodel for ERPs. 11 ie based on Spn gen erp.n of

& the SPI12 distribution. Based on A given parancter setting thic function
% generates an input tine-course and ~integrates the resulting delay
fferential equation syste

m. Inputs
m. X latent neural model structure and fixed paraneters
m. theta free latent neural model parameter

5

5 Outputs

% f_theta_f : evaluated latent neural model

m. u evaluated system input function

% Copyright () Dirk Ostwald

% constant paraneters
her =

% free parareters
theta.C

= vartheta;

% evaluste perf-stimilus tine fnput function
t @nr. ns) m_f.dL
)+128"

detay i ineai R(l 1
scale = nf. dur(l)"exp(the(a- (1,2)):
u = 32%exp(- (t-delay) ."2/(2*scalen2))

% integrate systen
x

T

2
b
gk

=

oGy, theta,

at
[fx.dfdx.0]
p max(ahs(real(elw(ful 1(dfd)))))

spm_leng(h )
(spm ExXEnCGt D AfcX/N) - speye(n ) spn.

w(dfax)

N
n
Q
v rec()

M = RaCiong hcv) . Tength@n)

% cycle over tine-steps
r = lisize(u,1)

% update dx = (expn(dtrd) - D*INV()*F(x,u)
for

Ltheta,n_f

% transpose
_theta_f =y

end
function [£,,0] = spn__erp(x,u.P. i)

state equations for a neural ness nadsl of erps
D] wy

%

%

%

%

%

%

“r - dx()/dE = (D)

%3 - df(/dxt)

%D - delay operator dx(t)/dt = f(x(t - d))

% DD FOx(D)

% Prior fixed paraneter scaling [Defaults]

% 132 16 4; % extrinsic rates (forvard, backuard, lateral)
% [1 4/5 174 1/41*128; % intrinsic rates 92 g3, g4)
% 2 161 # propogation celays (intri

%

%

©

ton KJ (2003) A neural mass model for NEG/EEG: coupling and
- Neurolmage 20: 1743-1755

- o, F
% neuronal dynar

% Copyright (C) 2005 VieTlcone Trust Centre for Neuroimaging

& Karl Friston
$1d: spr_fx_erp.m 5369 2013-03-28 20:09:27Z karl $

% get dimensions and configure state variables
n Ieng(h(? A(l)) % nunber of sources
x unvec(x, M. x; % neuronal states

% [default]

ed paraneters

£ I 12 1/8]*32; 1 rates (forvard, backiard, lateral)
c [L 4/5 174 174]*128; & intrinsic rates (gt g2 63 64)

0 # propagation dellays 1

H % receptor ex

T 4 Synaptic constants (ox

R % paraneters of static nonlinearity

% test for free paraneters on intri connections

c G.rexp(P.H):

G 2 ooty

% no exponential transforms to foster parameter identifiability

ALY PLACLIECL):
A2} PIAZIER)]
AB} = PAGPER):
c

y and paraneters

T /1000 exp (PTG 1)
Te

e

b oAl

& pre-synaptic inputs: s(V)

s 1./Q+ exp(RAW*G - RN - 1./A + expRAIRE@:

% exogenous input

1 = cru();

W State: (x)

- 2%(:.,4) - x(:,1)./Te)./Te
9) + 6(:.2). 1))72»(( 5) 1 X(:.2)./Te)./Te
2%(:.6) - x(:.3)./Ti)./

(NE- “((A(Z) * A(3))"5(

e
spn_vec(f):

x

s current
s voltage

_erp

(uyrawldal cells)

n df/dx and check for delay operator

¢ voltage change (spiny stellate cells)

dal cetls) rve

ent 1s)
¢ current depotarizing
s current ial cells) hyperpolarizi;
s voltage y_interneurons)

iterneurons) depolar
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n of spn_¢

“ nfi
if nargout < 2
return

end

% Jacobian

3 = spn.

RO TP, 1)

% delays

% Delay differential equa
% approxinately) by absorbi

ns can be integrated efficiently (but
g the delay operator into the Jacobian

% axzar = = FOe - )
% Qo)
%D = Q(@df/dx

n(z) 2Xp(P-0)/1000:

o
o = Q'J'x(t)

& Inplement: dx(t)/dt WL+ DAF)*F(X(D)
W

Q = sp_inv(speye(length(3) + D.*J):
end

function [g_theta_g] = erp_g(n_g)

% This function evaluates the EEG forvard modst of the delay differential

equation model for ERPS based on a structural fornulation of the forward
% 4 nodel and parancter Setting

% inputs
% g © EEG forvard model structure and fixed paraneters
% outputs

% g_theta g : evaluated EEG forward model
mﬁ Copyright (C) Dirk Ostual

% constant paraneters
theta.Lpos
thets

& evaluate constants
n s

d ze(theta.L,2) i % number of dipoles
ne SiZe(n . sens-i chanpos. 1) % nunber of electrodes
dp 1e-3*theta. Lpos % dipole coordinates adjusted for fieldt

% compute canonical dipole lead-field us
Lcan = NaN(ne,3,nd);
d

ng Fieldtrip

) = ft_compute_leadfield(dp(:.i)", m_g.sens, m_g.vol);

ns based on dipole moments

)*theta. L

% evaluate g(\theta_g)
)_theta_g kron(theta.J,L_c

end
function [VFE] = VFE(n_theta,s_theta,ms_sigsqr,vfearg)
& This function evaluates the variational free energy for ERP-DCH toy
% “ problen
§ mpues
% n_theta variational expectation for theta
s_theta

m. ms_sigsqr Variational parancrers for signarz
m. vfearg nal argurent structure with

. © true, but unknown, parameter structure
% Outputs
% VFE

scalar negative variational free energy

% Copyright () Dirk Ostual

% unpack input structure
m_sigsar ms_si

= vfearg.si
vfearg. theta:

% sualustion of the mmher data points and paraneters
n

P B E(m Deta1y:

# evalutate h(n_theta) and (n_theta)
.m_g,Spn_unvec(n_theta, theta));
full(spm cat(spn_diFF(a(n_theta) erp_h(n f.n_g.spn_unvec(n_theta, theta)),n_theta,1)));

i theta

% evaluation of the nal free energy value
1

T - (/2 sigsq - Q2y*exp(-n_s
2 ~ (73 Togcdetcsio_thetay) - (L/23~(Ch theta - nu. thet

3 igsqr) - n_sigsar BT Sigsary+cs sigaar + (o Sigsar > usigsary o)
4 D"+ (pr2)* log(2*pitexn(1));

T5 + (1/2)*log(2*pi*s_sigsqr) + m_sigsar

% evaluate the negative free energy
VFE ~(TL+ T2 + T3 + T4 + T5);

end
function [t_K] = backtrack_vFE_m_theta(x_k, s_theta, ms_sigsqr, vfearg, df x_k, p_k,c,rho)
% This function evalutates the backtracky a Newton search

step-size
xpectation of the free energy function vFE

& for the variatiol
5

% Inputs
% x_k

qunents
onal VFE argunente

m. Utearg
% df x_k p_f x 1 array of function gradient at x_k
% Pk search direction
5 scalar constant
m. rho © scalar constant

% output
% tk : backtracking/Armij

W
% Copyright (©) Dirk ostvald

. svaluation of f(c k)
Tl VFEQc_k, S_theta, ms_sigsqr, vfearg);

tk

% evaluation of F(x (k*l)) given the initial step
Tk p1 ke k. o theta, nb sigear, viearg):

# check sufficlent decrease of the ijcctlvc function and reset step-
Wil £k pd o 2 gk ekt o
K Korno:

T kp1 vFE(x K+tk*p_k, s_theta, ms_sigsqr, vfearg):
end
end
function [t_k] = backtrack_vFE_ms_sigsqr(n_theta, s_theta, x_k, vfearg, df x K, p_k,c,rho)

& This function evalutates the backtracking step-size of a Newton search
% for the variational expectation of the free energy function vFE

% Inputs
W

n_theta pX1 . array of additional vFE argurents
% s_theta p X p array of a nal VFE argunents
% x| 2x1 ray nf func(lun argunents

m. vfearg adaitional’ input

m. of x_k 2 x 1 array of func(lon gradlen( at x k
m. Pk search direct

% § Scatar constant |
% rho scalar constant in 1

0.1
0.1

W
% output
m. tk  : backtracking/Armijo step-size

% Copyright (©) Dirk ostwald

“ evaluation of f0CK
Tx. FE(m theta, s_theta, x_k, vfearg);

tialize step-size
1
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+.5°s SIgEaN((y - hn_theta) =(y - h.n_theta) + trace((Jn.n_theta”+dn.n_theta)"s_theta));
nv(sig_theta)*(n_theta - mu_theta) + trace(sig_theta\s_theta));



5 evaluation of F(x_(k¢1)) given the initi
T kpl B

ent.

=tk
Vi

step size
VFE(n_theta, s_theta, x_k + t_k*p_k, vfearg);

increase of the objective function and reset step
k + c*t_k(df_x_k*p_k) 11 isnan(f_x_k_p_1)|

FE(T_theta, s_theta, x_k+t_k*p_k, vfearg):

-si

ze
I % k(2

) + ke _k() < 0
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